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FAST LOOPS ON SEMI-WEIGHTED HOMOGENEOUS
HYPERSURFACE SINGULARITIES

ALEXANDRE FERNANDES

ABSTRACT. We show the existence of essential fast loops on semi-weighted
homogeneous hypersurface singularities with weights w; > w2 > ws. In par-
ticular we show that semi-weighted homogeneous hypersurface singularities are

metrically conical only if their two lowest weights are equal.

1. INTRODUCTION

Let X C R" be a subanalytic set with a singularity at . It is well-known for
small real numbers ¢ > 0 that there exists a homeomorphism from the Euclidean
ball B(x, €) to itself which maps X N B(x, €) onto the straight cone over X N S(z,€)
with vertex at z. The homeomorphism h is called a topologically conical structure
of X at x and, since John Milnor proved the existence of topologically conical
structure for algebraic complex hypersurfaces with an isolated singularity [9], some
authors say € is a Milnor radius of X at x. Some developments of the Lipschitz
geometry of complex algebraic singularities come from the following question: given
an algebraic subset X C C™ with an isolated singularity at x, is there ¢ > 0 such
that X N B(x,¢) is bi-Lipschitz homeomorphic to the cone over X N S(z,¢€) with
vertex at 7 When we have a positive answer for this question we say that (X, x)
is metrically conical. Some motivations for this question were given in [3], [6] and,
in the same papers, the above question was answered negatively. The strategy
used in [6] to show that some examples of complex weighted homogeneous surface
singularities (X, x) are not metrically conical was to exhibit nontrivial loops on
X NS(x,€) which the diameter goes to 0 faster than linearly as e — 0. In this paper

we analyze semi-weighted homogeneous hypersurface singularities under the same
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point of view above and, in particular, we show that semi-weighted homogeneous
hypersurface singularities are metrically conical only if its two lowest weights are
equal.

I would like to thank the anonymous referee for useful suggestions.

2. PRELIMINARIES

2.1. Inner metric. Given an arc v: [0,1] — R"™, we remember that the length of

~ is defined by
I(y)= inf{zmj |y(t:) —y(tic1)| + 0=to <t1 < -+ <tm_1 <ty =1}
i=1
Let X C R™ be a subanalytic connected subset. It is well-know that the function
dx: X x X = [0,+00)
defined by
dx(z,y) = nf{l(y) : 7:[0,1] = X; 7(0) = 2, v(1) = y}

is a metric on X, so-called inner metric on X.

Theorem 2.1 (Pancake Decomposition [§]). Let X C R"™ be a subanalytic con-
nected subset. Then, there exist A > 0 and Xq,..., X, subanalytic subsets such

that:
a. X = U211 Xi;
b. dx(x,y) < Ma —y| for any z,y € X;, i =1,...,m.

2.2. Horn exponents. Let 5 > 1 be a rational number. The germ of
Hg = {(z,y,2) €R® : 22 +¢y*> =2° 2 >0}

at 0 € R? is called a B-horn.

By results of [1], we know that a 81-horn is bi-Lipschitz equivalent, with respect
to the inner metric, to a fBy-horn if, and only if §; = f3. Let Q C R™ be a 2-
dimensional subanalytic set. Let zg € €2 be a point such that  is a topological

2-dimensional manifold without boundary near x.

Theorem 2.2. [I] There exists a unique rational number 8 > 1 such that the germ

of Q at xg is bi-Lipschitz equivalent, with respect to the inner metric, to a B-horn.
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The number S is called the horn exponent of Q0 at xg. We use the notation
B(Q,z9). By Theorem B(Q,xg) is a complete intrinsic bi-Lipschitz invariant
of germs of subanalytic sets which are topological 2-dimensional manifold without

boundary. In the following, we show a way to compute horn exponents.

According to [2], (2, z0) + 1 is the volume growth number of Q at zg, i. e.

o log HE[QN B, )]
B(Q?x0)+1_rli>%l+ IOgT

where H? denotes the 2-dimensional Hausdorff measure with respect to Euclidean

metric on R".

2.3. Order of contact of arcs. Let 7;: [0,e) — Q and v2: [0,¢) — £ be two
continuous semianalytic arcs with v1(0) = 72(0) = z¢ and not identically equal to

xo. We suppose that the arcs are parameterized in the following way:
lvi(t) — x|l = ¢, i =1,2.

Let p(t) be a function defined as follows: p(t) = ||v1(t) — v2(¢)||. Since p is a

subanalytic function there exist numbers A € Q and a € R, a # 0, such that
p(t) = at* + o(t?).

The number A is called an order of contact of v1 and 2. We use the notation
A(71,72) (see [4]).

Let K be the field of germs of subanalytic functions f: (0,¢) — R. Let v: K — R
be a canonical valuation on K. Namely, if f(t) = at® 4+ o(t?) with a # 0 we put

ordy(f(t)) = 8.

Lemma 2.3. Let 1,72 be a pair of semianalytic continuous arcs such that v1(0) =
v2(0) = zp and v; # xo (i = 1,2). Let v1(7) and Y2(7) be semianalytic param-
eterizations of y1 and v such that ||¥;(T) — zol| = 7 + 0i(7), i = 1,2. Then
ord[[1(7) = 2(7) || < A(y1,72)-

The following result is an alternative way to compute horn exponents of germs of

subanalytic sets which are topological 2-dimensional manifold without boundary.
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Theorem 2.4. Let Q@ C R™ be a 2-dimensional subanalytic set. Let xo € ) be a
point such that S is a topological 2-dimensional manifold without boundary near xq.
Then B(Q,xo) = min{A(y1,72) : 71,72 are semianalytic arcs on Q with v1(0) =
72(0) = o}

Lemma [2.3[ and Theorem [2.4] were proved in [5].

3. FAST LOOPS

Let X C R™ be a subanalytic set with a singularity at x. Let ¢ > 0 be a Milnor
radius of X at x and let us denote by X* the set X N B(z,¢€)\ {x}. Given a positive
real number o, a continuous map v: S — X* is called an a-fast loop if there exists

a homotopy H: S x [0,1] — X N B(x,¢) such that

(1) H(6,0) =x and H(#,1) = ~(#), V 0 € S*,
(2) lim i’;‘-[2(]771(H) N B(z,r)) =0 for each 0 < a < «,

r—0+ 79

where I'm(H) denotes the image of H.

Given a subanalytic set X and a singular point x € X, according to [2], there
exists a positive number ¢ such that any a-fast loop v: S' — X* with a > ¢ is
necessarily homotopically trivial. Such a number c is called distinguished for (X, x).

We define the v invariant in the following way:

v(X,z) = inf{c : cis distinguished for (X, x)}.

The number v(X, z) defined above is inspired by the first characteristic exponent

for the local metric homology presented in [2].

Example 3.1. Let K C R™ be a straight cone over a Nash submanifold N C R™,
with vertex at p. Then every loop v: S* — K* is a 2-fast loop. Moreover, if a > 2,
then each a-fast loop v: S' — K* is homotopically trivial. We can sum up it

saying v(K,p) = 2.

Proposition 3.2. Let (X,z) and (Y,y) be subanalytic germs. If there exists a germ
of a bi-Lipschitz homeomorphism, with respect to inner metric, between (X, x) and

(Y,y), then v(X,x) = v(Y,y).
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Proof. Let f: (X,z) — (Y,y) be a bi-Lipschitz homeomorphism, with respect to
the inner metric. Given A C X, let us denote A = f(A). In this case, A = f~1(A),

where f~! denotes the inverse map of f: (X, z) — (Y,y).

Claim. There are positive constants k1, ka2, A1, A2 such that

%HQ(/I N B(y, Ai)) <H2(AN B(x,7)) < ke H2 (AN By, \i7)).
1 2

In fact, using Pancake Decomposition Theorem (see Subsection [2.1]) and using

that f and f~! are Lipschitz maps, we obtain positive constants A1, Ao such that
f(ANB(z,7)) € (AN B(yAir)) and f(AN B(y,r)) C (AN B(zAar))

and we also obtain positive constants ki, ko such that

H2(f(ANB(z,7))) < kiH2(ANB(z,r)) and H2(f 1 (ANB(y,7))) < kaH2(ANB(y,7)).

Our claim follows from these two inequalities and the two inclusions above.

Now, we use this claim to show that given a > 0, a loop v: S* — X \ {z}
is an a-fast loop if, and only if, fo~y: St — Y \ {y} is an a-fast loop. In fact,
let v: S — X \ {z} be a loop and H: S' x [0,1] — X a homotopy such that
H(9,0) = z and H(#,1) = v(0), V § € S. Thus, fovy: St — Y\ {y} is a
loop and fo H: S* x [0,1] — Y is a homotopy such that f o H(#,0) = z and
foH(0,1)= foxy(h),V 0 e S Let us denote A = I'm(H) and A = Im(f o H), i.

e., A= f(A). Given 0 < a < a, by the above claim, we have that

1
lim —H*(ANB(z,r)) =0

r—0+ ré
if, and only if,
1 ~
lim —H*(ANB =0.
Jim 3 ( (y,7))

In other words, it was shown that v: S — X \ {z} is an a-fast loop if, and only
if, foy: St — Y \ {y} is an a-fast loop, hence v(X, z) = v(Y,y). O

Corollary 3.3. Let X C R" be a subanalytic set and x € X an isolated singular

point. If v(X,xz) > 2, then (X, x) is not metrically conical.

Proof. Let N be the intersection X NS(x, €) where € > 0 is chosen sufficiently small.
Since x is an isolated singular point of X, we have N C R" is a Nash submanifold.

If (X, x) is metrically conical, X N B(x, €) must be bi-Lipschitz homeomorphic (with
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respect to the inner metric) to the straight cone over N with vertex at z. Thus, it

follows from Proposition that v(X, z) = 2. O

4. SEMI-WEIGHTED HOMOGENEOUS HYPERSURFACE SINGULARITIES

Remind that a polynomial function f: C3 — C is called semi-weighted homo-
geneous of degree d € N with respect to the weights wi,ws, w3 € N if f can
be presented in the following form: f = h 4+ 6 where h is a weighted homoge-
neous polynomial of degree d with respect to the weights wi, w2, w3, the origin is
an isolated singularity of h and 6 contains only monomials 7" z5"225"* such that
wimy + wams + wzms > d.

An algebraic surface S C C? is called semi-weighted homogeneous if there exists

a semi-weighted homogeneous polynomial f = h + 6 such that
S = {(x1,$27$3) € (C?) : f(xl,ifz,l'g) = 0}
The set
So = {(21,22,23) € C* : f(21,22,33) = 0}
is called a weighted approzimation of S.
Theorem 4.1. Let S C C? be a semi-weighted homogeneous algebraic surface with

an isolated singularity at origin 0 € C3. If the weights of S satisfy w1 > wy > ws,

then v(S,0) > 2. In particular, (S,0) is not metrically conical.

Proof. Let S C C? be defined by the semi-weighted polynomial f = h+ 6 of degree

d and let Sy be the following weighted homogeneous approximation of S:
So = {(21,22,23) € C* : h(x1,x9,23) = 0}.
Let us consider a family of functions defined as follows:
F(X,u) = h(X) +ub(X),
where u € [0,1], X = (x1,22,23). Let V(X,u) be the vector field defined by:

3
B Qi(X,u) & 0
VX0 =2 BX ) o T o

where

3

OF . OF 02 OF
P(X,u) = 315 - (X, )P and Qi(X,w) = 0(X)] 5 (X, u) "2 2= (X, u)
i=1
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(d=wi)(d=wp)(d=w3) , _ 1 9 3

d—wi

It was shown, by L. Fukui and L. Paunescu (see [7] p. 445), that the flow of

and o; =

this vector field gives a modified analytic trivialization [7] of the family F~1(0).
In particular, we obtain a homeomorphism ®: (Sy,0) — (5,0) which defines a
correspondence of subanalytic continuous arcs. Moreover, ® satisfies the following

equation
1
(4.1) P(X)=X +/ W(P(X),u)du
0
where W (X,u) = V(X,u) — 2.

Proposition 4.2. Let y(t) = (¥ a1 (t), t"2x2(t), t"3x3(t)) be such that x1(t), x2(t)
and x3(t) are subanalytic continuous functions, 0 < t < €, with (x1(0), z2(0), 25(0)) #
(0,0,0). If

n(t) = / W (), w)du

with n(t) = (M (t),n2(t), n3(t)), then ordyn:(t)| > w; for alli=1,2,3.

Proof of the proposition. Let m = (d — wy)(d — we2)(d — ws). Since h has isolated
singularity at 0 € C3, 3 A; > 0 such that

3

P(y(t),u) = M Y |

i=1

oh
axi

(v(B) .

Moreover, since each is weighted homogeneous of degree d — w;, 3 A2 > 0 such

Z;

that
| oh
al‘i

Hence, ord,P(y(t),u) < 2m. By hypothesis,

() = t™™

(V(®), )P 7 > (205 — 1)(d — wy).

orde|0(y(t))] >d and ordt|§F

3

6 OF
Now, we can conclude that ord; of —|——|**~1

P 8iL'i
d+ (2a; — 1)(d — w;) — 2m = w;.

on ~(t) is bigger than

Finally, since

m0) = [ g G002 S (0.0 du,

we have proved the proposition. [
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According to Lemma 1 of [6], we can take an essential loop I' from S to the link

of the weighted homogeneous approximation Sy of S of the form:
L(0) = (21(8), z2(0),1).

Let Hyp: [0,1] x S* — Sy be defined by

w2

Ho(r,0) = (rws 21(0), 7% 22(0), 7).
Then, H: [0,1] x S' — S defined by
H(r,0) = ®o Hy(r,0)

is a subanalytic homotopy satisfying: H(0,0) = z and H(1,0) = ® o I'(#). We are
going to show the image of H (Im(H) = ) has volume growth number at origin
bigger than 2. Actually, since the volume growth number of Q at 0 is 1 + 3(,0),
we are going to show that (2, 0) is bigger than 1. So, let us consider two arcs v,

and 2 on (£2,0).

Claim. Each ~; can be parameterized in the following form:
wy wy
7i(s) = (s™s w1 (s), s73 wia(s), swis(s))
where x;1(s), z;2(s) and x;3(s) are subanalytic continuous functions and z;3(0) = 1,
(i=1,2).
In fact, first of all, let us fix ¢ and denote v = ;. For each s > 0, let y(s) be the
point on the arc v such that p(y(s)) = 8“%3, where

p(1, T, @3) 1= [|71[“2 + |za[ 1 + |ma[ 1] T

In particular, v(s) = (s%ml(s),s%xg(s),sxg(s)) where x1(s), x2(s) and z3(s) are
subanalytic continuous functions, with (x1(0),22(0),25(0)) # (0,0,0). For each
s >0, let £(s) be the point on the image I'm(Hy) C Sy such that ®(£(s)) = v(s).
It follows from eq. that

() = &(s) +nls)

where 7(s) = fol W (v(s),u)du. By Proposition (taking s = t"3), it follows that

wq wo

&(s) = (s™321(8), 8™ 22(8), s23(s)) with (21(0), 22(0), 23(0)) = (21(0), 22(0), 25(0)).
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Since the image I'm(Hy) is invariant by the R-action

w1 w2

S (x13x27x3) = (swisl'lasws .’EQ,S(Eg)

and &(s) € Im(Hy) for all s > 0, we have that (z1(0),22(0),25(0)) € Im(Hy),
hence z3(0) = 23(0) = a is a positive real number. Finally, via the simple change

1

s — a~ s, we show what was claimed above.

In order to finalize the proof of Theorem by Lemma we have

Al1,72) 2 ords (|71 (s) = y2(s)])

and, since
ords(|vi(s) —2(s)]) > 1,
A(y1,72) > 1. Therefore, we can use Theoremto get B(Q,0) > 1. ]
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