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ON THE EULER CHARACTERISTIC OF REAL MILNOR FIBRES

HELMUT A. HAMM

ABSTRACT. We study the Milnor fibres of a real analytic mapping defined on a real analytic
space which has an isolated critical point. In particular we look at the Euler characteristic.
We discuss the global case, too.

0. INTRODUCTION

Mappings f : R — R with an isolated singularity have been already studied by J. Milnor
[M]. Tt is not important whether one works in the real algebraic or real analytic category, here we
prefer the real analytic one. We replace R™ by a germ of a real analytic space with an isolated
singularity, introduce a kind of Milnor fibration and study the Euler characteristic of its fibres.
Finally we pass shortly to the global case.

Part of the results has been announced in [H].

1. THE REAL MILNOR FIBRATION

Let f: (X,0) — (R* 0) be a real analytic mapping between real analytic space germs with
an isolated singularity, which means that f : X \ {0} — R” is a submersion between manifolds.
Let X be purely n-dimensional. We may suppose that (X,0) is embedded in (R™,0). Let
D.:={z e RV |||z|| <€}, Sc :=0D,. Let L:= XNS. and K := f~1({0}) NS, 0 < e < 1, be
the links of (X,0) and (f~*({0}),0). Note that X \ {0}, L and K are manifolds which are not
necessarily orientable!

Similarly, let B, := {t € R¥|||t|| < a}.

Theorem 1.1:

a) Let 0 < a < e < 1. Then f: XN DN fYBy\ {0}) = B, \ {0} is a locally trivial
fibration (“Milnor fibration”).

b) The mapping f : X NS, N f~1(B,) — B, is a locally trivial, hence a trivial fibration, so
OF; is diffeomorphic to K for every “Milnor fibre” F; = f~1({t}) N D..

Proof. Note that we have supposed that 0 is an isolated singularity of f. In particular f~1(0) has
an isolated singularity at 0, and S is transversal to f~1(0), 0 < € < 1. Hence S, is transversal
to f7L(t) for [|t]| €, 0 < a < ek 1. O

The base space in a) is connected if k& > 2 but not if kK = 1, so we treat these cases separately.
Note that we have a lemma which goes back to Milnor ([M] Lemma 11.3) in the case X = R™:
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Lemma 1.2: For 0 < a < € < 1 we have a homeomorphism
XN (DN f7HOBa)) U(Sen f7H(Ba \ {0}))) ~ L\ K,
hence a homotopy equivalence X N D, N f~1(0B,) ~ L\ K.

So we use the symbol = in the case of a homeomorphism and ~ in the case of a homotopy
equivalence.

Proof. We have assumed X C RY. Put ¢,% : X — R : ¢(z) := | f(2)]%¢(z) == |z]>
By the Curve Selection Lemma we know that there are no z € D, N X \ f~1(0) such that
there is a A < 0 with dy, = Ad¢, if 0 < € < 1. Therefore we can find on X \ f71(0)
a vector field v such that dy,(v(z)) > 0, dp,(v(z)) = 1 for ||z]| < e. Using the flow we can
construct the desired homeomorphism. Furthermore X ND.N f~1(dB,) is a deformation retract
of X N ((De N f7H(0Ba)) U (Se N f~H(Ba \ {0}))). O

According to Milnor [M], p. 99, the homotopy equivalence can in general not be chosen as to
be fibre preserving with respect to x — %

2. THE MILNOR FIBRE OF A REAL ANALYTIC MAPPING (k > 2)

First we suppose k > 2. Then we can speak of the typical Milnor fibre F' because all Milnor
fibres are diffeomorphic.

Standard example: k = 2,n = 2m, f : (C™,0) — (C,0) with isolated singularity. For the
more general case see e.g. [M] p. 103, and [CL].

In this paper we look at cohomology with integral coefficients.

Theorem 2.1: We have long exact sequences:
oo = H(L\K) — H™(F) - H™™?7*(F) - H™ (L \ K) — ... (Wang sequence),
.= H™"YK)— H™(F,0F) - H™(F) - H™(K) — ...,
... = H™L) - H™(F) - H™" *2(F,0F) - H™ (L) — ...
Note that the second and third long exact sequences are the ones for the pair (F,9F) and the

pair (L, F'): we can embed F in L.
For k = 2 the first and third sequences read:

.= H™L\ K) — H™(F) "S5 H™(F) » H™(L\ K) — ... and
Var*

.= H™(L) —» H™(F)"Y H™(F,0F) - H™(L) — ...
Here h : FF — F' is “the” monodromy.

Proof. (i) For the Wang sequence, see Spanier [S] p. 456.

Note that L\ K may be replaced by X N DN f~1(0B,), see Lemma 1.2, and
f:XND.NfH0B,) — 9B,

is a locally trivial fibration.

(i) In the second exact sequence we may replace K by 0F; see Theorem 1.1b).
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(iii) As for the third exact sequence, note that we may replace L by
XN ((Den f7HOBa)) U (SN f7H(Ba)))
Let D be an open “ball” in 0B, t € D. Then:

H™YL,F) =~ H™ (X N ((De N f7HOB)) U (Sen f1(Ba))), X N DN f~1(D))
~ H™ (X N ((DeN f7H0Ba)) U (Se N f7H(Ba))): X N ((DeN fTHD)) U (Se N f7H(Ba))))
~ H" ™ (XNDNfH(0Ba\ D), X N ((DeN f71(8D)) U (Se N f7H (0B, \ D))))
~ H™Y((F,0F) x (0B, \ D,0D)) ~ H™?7*(F,0F).

In fact, for the first isomorphism note that L ~ X N((D.Nf~1(0By))U (SN f~1(By))), similarly
as in Lemma 1.2. Furthermore, F is a deformation retract of X N D, N f~1(D).

For the second one, note that f|S. N f~1(B,) is trivial, see Theorem 1.1b), so S, N f~1(D) is a
strong deformation retract of S, N f~1(B,).

The third isomorphism is established by excision, the fourth one is due to the fact that

f:D.Nf 0By \ D) — 0B, \ D

is a trivial fibration. The last one follows from the Kiinneth formula. O

Since one cannot expect good connectivity properties in the real case, let us look at the Euler
characteristic.

Corollary 2.2:
a) x(L) =0 if n is even, x(L) = 2x(F) if n is odd,
b) x(K)=0if n — k is even, x(K) = 2x(F) if n — k is odd.

Proof. First let us observe the following: Suppose that M is a compact manifold with boundary
of dimension m. Then x(M,0M) = (—1)"x(M). In particular, x(M) = 0 if M is closed and m
is odd.

This is obvious by Poincaré duality, in the non-orientable case with coefficients in Z/2Z.

a) Suppose that n is even. Then L is a closed manifold of odd dimension, hence x(L) = 0.
Therefore we assume now that n is odd. By the third exact sequence and Poincaré duality we
have

X(L) = X(F) = (=1)*X(F,0F) = x(F) = (=1)"x(F) = 2x(F)
b) Similarly, x(K) = 0 if n — k is even. So suppose that n — k is odd. Then
X(K) = x(F) = X(F,0F) = x(F) = (=1)""*"x(F) = 2x(F).

O

So x(F') can be expressed by the Euler characteristic of a link except if k and n are both even.
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3. THE MILNOR FIBRES OF A REAL ANALYTIC FUNCTION (k = 1)

Now let us switch to the case k = 1. Then we have two typical Milnor fibres: F (resp. F_),
corresponding to Fy with ¢t > 0 (resp. ¢ < 0).

Theorem 3.1:
a) H"(L\ K) ~ H™(Fy) ® H™(F-).
b) We have long exact sequences:

.= H"YK) - H™(F,,0F,) - H™(F,) = H"(K) — ...,
... H™(L)—->H"™(Fy)® H"(F_-) - H"(K) — ... and
oo H™(L) — H™(Fy) - H™Y(F_,0F_) — ...
The middle exact sequence is a Mayer-Vietoris sequence, of course. As a consequence,
X(L) + x(K) = x(Fy) + x(F-).
Proof. H™(L,F}) ~ H™(F_,0F_) by excision. The rest is clear. O

Corollary 3.2: If n is even, we have
X(Fy) = x(F-),x(L) = 0,x(K) = 2x(F}).

If n is odd,

X(L) = x(Fy) 4+ x(F-), x(K) =
Proof. If n is even, x(L) = 0, hence x(Fy) = —x(F_,0F_) = x(F_). If n is odd, x(K) =0
The rest is clear. (]

It is difficult to calculate individual cohomology groups but:

Corollary 3.3: a) Suppose that n = 2m + 1,m > 1 and that F; and F_ have the homotopy
type of a bouquet of m-spheres. Then H°(L) = Z, H'(L) = 0 for [ # 0,m, 2m, and H™ (L) is free
abelian. Furthermore H?™(L) ~ Z/27 if m = 1 and L is non-orientable, otherwise H*™ (L) ~ Z.
b) Suppose that n = 2m 4+ 2,m > 1 and that F} or F_ has the homotopy type of a bouquet
of m-spheres. Then H°(K) = Z, H(K) = 0 for | # 0,m,2m, and H™(K) is free abelian.
Furthermore H?™(K) ~ 7Z/27 if m = 1 and K is non-orientable, otherwise H>™(K) ~ Z.

Proof. We know that K # (), otherwise Fy and F_ are compact which gives the wrong homology.
a) The exact sequence
0— H°(L) — H°(Fy)® H(F_) - H°(K)
shows that L is connected. This implies the statement for m = 1.
In the case m > 2 we know that F'; and F_ are simply connected, hence orientable. So we have
for 0 < I < 2m an exact sequence
H'"YFy) = Hop_(F_) = H(L) — HY(Fy) = Hop_1_1(F_)
because Hop, (F_) ~ H{(F_,0F_).
For | # m we deduce H'(L) = 0. For [ = m we obtain
0— Hpn(F-)— H™(L) - H™(Fy) — 0,

so H™(L) is free abelian. Of course, H*™(L) ~ Z.
b) Assume that the hypothesis is true for Fy. Again, F is orientable if m > 2. Note that
Hop(Fy) ~ H(Fy, OF, ).
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Suppose first that F is orientable. Then we have an exact sequence
HY(F,) = H°(K) — Ho,,(F}).
Since Hapm (F1) = 0 we obtain that K is connected.

If F, is non-orientable we have that m = 1, and the universal covering of F; is contractible.
Therefore the orientation covering of Fy has the homotopy type of a bouquet of 1-spheres, too.
We conclude as before that its boundary is connected. So K is connected, too.

So we must only look at the case m > 2. For 0 < [ < 2m, we have an exact sequence

Homy1-1(Fy) = H'(Fy) = H'(K) — Hap(Fy) — HH(FL)
For [ # m we have
H'(Fy) = Hypm1(Fy) =0

hence H'(K) = 0.

For [ = m we have an exact sequence

0—H™Fy)— H™(K)— Hpn(Fy) =0
which implies that H™(K) is free abelian. O
Example 3.4: a) g : (C™*! 0) — (C,0) holomorphic with isolated singularity,
X :=C™""'n{Img=0}, f:=Reg, and n=2m+ 1.
We obtain that L := S. N {Im g = 0} is a compact manifold of dimension 2m,
H°(L) = H*™(L) = Z,

H™(L) free abelian of rank 2y, p = Milnor number of g.
b) X = C™H f = Img, which leads with K instead of L to the same result as before,
because the Milnor fibres of f and g have the same homotopy type. See Lemma 5.1 below.

4. EULER CHARACTERISTIC OF THE REAL MILNOR FIBRE

Using resolution of singularities we can calculate the Euler characteristic of the Milnor fibre(s).

In the situation of section 2, we can put Y := X N {f; = ... = fx—_1 = 0}. Then the Milnor
fibres of fi, : (Y,0) — (R,0) coincide with the one of f : (X,0) — (R¥,0), so we can reduce to
the case k =1 with Fly = F_. So it is sufficient to look at the case k =1 (cf. Example 3.4a).

Let us assume k = 1. Choose an embedded resolution 7 : X’ — X of f~1({0}) C X. Then
(f om)~1({0}) is a divisor with normal crossing, it has a natural stratification. Let Sj;, [ being
the codimension of the stratum, be the strata contained in 7=*({0}). Locally at a point of this

stratum, fom =ex{" -... 2" with respect to suitable local coordinates, ¢ = +1.
Put:

ay; := 271 if there is a j such that v; is odd,

oy =2 if vy, ... v are even, € = 1,

ap; :=01if vy, ..., are even, € = —1.

Theorem 4.1: x(F4) =3, i (=1 (Sy).
Proof. (cf. [CF] in the case X = R™) Let U, be a suitable closed neighbourhood of the union of
strata of codimension > [. More precisely, put
U = {z € X"|{(z) < e},
where ¢, : X’ — [0,00[ is a real analytic function whose zero set is the union of strata of

codimension > [, and where 0 < ¢; € €5 < ... < ¢, < 1, and suppose 0 < t < €;. Put
U' .= UyU...UU,. Then each connected component of U; \ U*! is the total space of a
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topological fibre bundle over Sj; \ U1, the fibre being the normal slice with respect to Sj; for
some i. Note that Sj; \ U'*! has the same homotopy type as S;;. The normal slice N of Sy; at p
is homeomorphic to R!. Near p we can write f o 7 as above. Then

Nn{for=t}={zeR e -....2)' =1}, 0<t< 1

If there is a j such that v; is odd, we may assume j = [, then we can write the right hand side
as the graph of a function defined on (R*)!~!. This set is the disjoint union of 2!~! contractible
components.

If all v; are even, € = —1, the set is empty.

If all v; are even, € = 1, we get the disjoint union of two graphs of functions defined on the
same set as above, so we obtain 2! contractible components.

Therefore the Euler characteristic of NN {fomr =t}, ¢t >0, is ay;.

Now
Fy ~D.NXN{f>0)~a (D.nXN{f>0})
If we vary € (resp. €1,...,€,) we see that

7 D NXN{f>0})~U'n{for >0} ~U'N{for =t}
Furthermore, U* =U (U; — U1, hence
X(Fy) =x({for=t}nU") =) x({for =t} n(U\U"T)
1

=Y ixe(Si) =D aui(—1)" " x(Sh)
L li
Here x. is the Euler characteristic with compact support. O

It is easier to calculate x(Fly) + x(F-):

Corollary 4.2: x(Fy)+x(F-) =3, 2L(=1)"'(Sy;), and so, if x(F}) = x(F_) (in particular
if n is even), then

V() = 32 (<) ().

L
The first statement of the corollary can also be proved directly, without using the local
description of f o 7: note that (R*)! has 2! contractible components.

By the way, we can calculate x(K) and x(L) using the same resolution:

Let us denote by S;; those strata S;; which are contained in the strict transform of f~1(0),
i.e., in the closure of 7= *(f~1({0}) \ {0}), S}/ the remaining ones. Then:

X(E) =) 27 (=1)"x(Sh),
X(L) =Y 27 (=1)"T(ST) + ) 21 (1) (ST
which agrees with the formula x(L) + x(K) = x(F4+) + x(F-) proved before (Theorem 3.1).

In the case of L, note that in the normal slice we have to look at N \ 7=!(0) which differs
from N \ (f o 7)~1(0) if we are at a point of the strict transform of f = 0: then we have 2!~!
instead of 2! contractible components.
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Using the formula for x(K) we obtain an easier formula for x(F4) if n is even: Then

X(Fy) = x(F2) = Y272 (=1)"x(S),),
because x(K) = 2x(FL).

5. COMPARISON OF MILNOR FIBRES OF MAPPINGS (RESP. FUNCTIONS)
There is another connection between the cases k > 2 and k = 1 in section 2 (resp. 3):
Let us take up the assumptions of section 2 (in particular, k > 2) and write x(f) instead of

X(F). Similarly in 3: x(f)4+ instead of x(F}).

Lemma 5.1: For 0 < a < € < 1, the inclusion of XN D. N{f1 =...= fr_1 =0, fr = a} in
XND.N f,;l(a) is a homotopy equivalence.

Proof. Let ¢, be defined as in the proof of Lemma 1.2. Compare
X0 Dn{Ifll < e, fr > 0}

with X N B, N{fr > 0}. Choose a vector field v such that, on X N D.N{||f]| > a}:
dpa(v(z)) = 1, dipe (v()) > 0,

and near fr, = 0: (dfx)z(v(z)) = 0. This is possible: assume that we have a point p such that
dp, = Ad¢p, with A < 0, we get a contradiction because of the Curve Selection Lemma. Similarly,
suppose that near f;, = 0 there is a p, || f(p)|| > «, such that dip, = Ado, + u(dfy), with A <0
we would get also such a point with fi(p) = 0, which contradicts the Curve Selection Lemma.
So we obtain that

XN D {[Ifl € e, fx > 0} ~ XN De N {fr >0}
Moreover, f: X N D N{||f|l < a, f >0} — {t € By |tx > 0} is a trivial fibration, so

XODn{lfll €, fe >0} ~XND.N{f=(0,...,0,a)}
Now we can find a vector field w on {f > 0} such that, on X N D, N {fy > 0}:

(dfi)e(w(z)) =1, dipy (w(z)) > 0,

because of the Curve Selection Lemma. Therefore
XNDN{fr >0} ~XND.N{0< fr <a}.

Finally, X has an isolated singularity at 0, so fi : X N D. N {0 < fr < a} —]0,a] is a trivial
fibration, hence
XND.N{0< fy <a}~XND.N{fx=al
U

In the case of X = R" this is a consequence of a conjecture by J.Milnor [M], p. 100, see also
[ADD].

Corollary 5.2: x(f) = x(f1)+ = x(f1)- = ... = x(fe)+ = x(fx)--

Now let us turn to the special case X = R". Then we have the following formula:
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Theorem 5.3: (G.Khimshiashvili [K]) If £ = 1, x(f)+ =1 — (=1)"degoV f, where Vf is the
gradient of f and deggV f is the topological degree of % :Se — 5.

Replacing f by —f we obtain that x(f)—- =1 —degoV f
Note that L is a sphere in our case. This implies altogether:

Corollary 5.4: ([ADD])

a) x(f) =1—degVfi=...=1—degoV f.
b) If n is odd, degoVf1 = ... =degoV fr. =0, so x(f) = 1.

Proof. b) By the Corollary before, x(f;)+ = x(fi)—, so according to Khimshiashvili: degoV f; = 0,
so x(f) =x(fi)+ =1. O

6. GLOBAL ANALOGUE

a) Now let us pass to the global case. Let X be a compactifiable real analytic (e.g. a real
algebraic) subspace of RY which is purely n-dimensional, f : X — RF a compactifiable real
analytic mapping. Let C' be the set of critical points of f; recall that singular points of X are
automatically critical points of f. Assume that

(i) the set of critical points of f which are contained in f~1({0}) is compact,

(ii) for 0 < a < 1 the set C'N f~1(B, \ {0}) is closed in X, i.e. there is no convergent sequence
(pn) — p* of critical points of f such that f(p,) # 0 for all n, p* € X, f(p*) =0.

Then we get that for 0 < a < % < 1 the mapping
f:XNDrNf7H B\ {0}) = Ba \ {0}

is a locally trivial fibration:

Assume R > 0. Then X is smooth along X NSg, Sk intersects X transversally, and f|X NSk
has no critical point which is mapped to 0. Therefore f|X NSk has no critical points above B,,.
Finally, f has no critical points in X N Dg N f~1(B, \ {0}).

As at the beginning of section 4 we may reduce to the case k = 1. So assume k = 1; then we
get fibres F; and F_.

Let us fix a compactification f : X — R and let 7 : X’ — X be an embedded resolution of
FL0)UCU X, C X where X, := X \ X. We can achieve that

o ({0 C) = FHop\ C

is an isomorphism. Put X’ := 7~!(X). We have a natural stratification of (f o 7)~%(0) such
that 7! (f~*({0})) is a union of strata. Locally at a point of such a stratum of codimension [

in X', for=ex*-...- 2, A <, with respect to suitable local coordinates, ¢ = +1.
Put:

ay; = 271 if there is a j such that v; is odd,

ap =2V if vy, ... vy are even, € = 1,

ap; ;= 01if vq,..., vy are even, ¢ = —1.

Then we have, similarly as in section 4:

Theorem 6.1: x(F}) =Y, aui(—1)""1x(Si;), where the sum extends over all strata contained

in 771 (f7H({0})).
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Proof. Let U; be a suitable closed neighbourhood of the union of (X’ \ X’)N (fom)~1({0}) and
all strata of 7=1(f~1({0})) of codimension > I, U! := U;U...U, 1. Then
X(Fy) = x((fom) T ({t) \ Ung1) = (=1)" " "xe((f o 1) T ({t1) \ Uns1),
and
Xe((fom) T ({t}) \ Unsa) = Zxc (fom)t({thnU \ U™
We continue similarly as in the proof of Theorem 4.1. O

We have a similar formula for K := f~(0) N Sk, R > 0:
X)) =22, 2!=1(—1)"~1x(S};), where the sum extends to all strata contained in

(X'\X)NX'N(fom)=1(0).
If n is even, this implies a simpler formula for x(F4) = x(F-) because
X(K) = 2x(Fy) = 2x(F-) :

X(K) = x(0F}) = x(Fy) = x(Fy, 0F;) = 2x(Fy)
because of Poincaré duality. Similarly for F_.

b) The fibration studied in a) is not so natural because it ignores vanishing cycles at infinity.

So let us suppose instead that X is a compactifiable real analytic space, f : X — R* compact-
ifiable real analytic, and that f is a submersive mapping between smooth spaces above B, \ {0}
for 0 < a < 1. Let f: X — R* be a compactification of f. Put X, := X \ X. We can stratify
X and R” subanalytically so that X is a union of strata and f is a btratlﬁed mapping.

Let T be a stratum of R¥ such that 7' # {0}, 0 € T. Because of Thom’s first isotopy lemma
we know that f: f~1(T) — T defines a locally trivial fibration.

We want to calculate the Euler characteristic of the typical fibre F' of this fibration. Since T'
is subanalytic we can find by the Curve Selection Lemma a real analytic curve p :] — ¢, c[— R¥
such that p(0) =0, p(t) € T for t > 0. We apply base change to f with respect to p. In this way
we reduce to the case k = 1. We need only to look at F.

So let us look at the case k = 1. Then we obtain that f is a locally trivial fibration above
By, \ {0}, we have two typical fibres 'y, F__. Let 7 and «y; be defined as in subsection a).

Theorem 6.2: x(F}) = >, ai(— 1)*1x(S1;), where the sum extends over all strata of
(f om)~1({0}) which are not contained in the closure of 7~!(Xo \ (f o )71 ({0})).

Proof. Analogous to the one of Theorem 6.1. O

Again we can find a simpler formula if n is even. First fix ¢, 0 < ¢t < a. For R > é we
have that f~1({t}) N Dg is a deformation retract of f~1({t}). Now we have a formula for the
boundary:

( {t} ﬂ SR Zal, Slz)

where the sum extends over all strata of (f o 77)’ ({0}) which are contained in the closure of

X \ (fom)~H({0}).

If n is even we have that x(f~1({t}) N Sg) = 2x(f~t({t}) N Dr) = 2x(F}).
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¢) Assume that hypothesis (i) of part a) as well as the hypothesis of b) are given. Then we
have hypothesis (ii) of part a), too. The fibrations in a) and b) may be different due to the
presence of vanishing cycles at infinity, as shown by the real version of the Broughton example.
Here is a different example where the fibres F'y and F_ in b) have a different Euler characteristic:

Put X :=R? f: X = R: f(x,y) = —x(zy® — 1).
Then f~1({0}) is the disjoint union of {z = 0}, {y < 0,z = y%}, {y>0z= ?12}7
for t > 0,

R N

for t < 0, f~1({t}) is the disjoint union of {x >0,y = ”;_t}, {x >0,y =— ”;_t} and
{tgm <O,y:j:—”§;t}.
So x(f71({0})) =3, x(f~*({t})) = 1 for t > 0 and x(f~1({t})) = 3 for t < 0. Note that f has

no critical points, so the fibre in a) has the same Euler characteristic as f~!({0}). Altogether,
0 is not a critical value but an atypical one.
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