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ABSTRACT. An r-jet z € J"(2,2) is Ag-sufficient in €},4(2,2) if every C" realization of z
is topologically right-left equivalent to z. We give sufficient conditions for Ag-sufficiency
in €[T](2,2). For a certain class of jets, we prove that our sufficient conditions are also
necessary. Finally, we use the techniques developed in the course of the proofs of these
results to give sufficient conditions for a 1-parameter family of C" plane-to-plane map-germs
to be topologically trivial.

1. INTRODUCTION

Let €(n, p) denote the set of C"-map-germs (R™,0) — (RP,0). Let w: (R™,0) — (R?,0) be
an r-jet. We say that w is Ag-sufficient in €, (n, p) if, for any C"-germ f : (R™,0) — (RP,0) with
J"f(0) = w, there exist germs of homeomorphisms A : (R™,0) — (R™,0) and &k : (RP,0) — (R?,0)
such that f =kowoh.

The study of sufficiency of jets started with the classical papers of Kuiper [7], Kuo [8], [9] and
Bochnak and Lojasiewicz [3]. In these papers the sufficiency of r-jets in €, (n,1) = &€, and
&[r+1) With respect to Rp-equivalence and the sufficiency of r-jets in €., 1)(n, p) with respect to
V-equivalence were studied, and necessary and sufficient conditions for sufficiency were given.
(Two map-germs f, g are Rg-equivalent if there exists a germ of homeomorphism A such that
f = goh, and they are V-equivalent if f=1(0) and g—*(0) are homeomorphic.) In these cases
the necessary and sufficient condition was formulated in terms of a Lojasiewicz inequality. This
Lojasiewicz inequality implies that every representative of the jet is, in some sense, non-singular
outside 0.

In this article we will study Ag-sufficiency of jets, and we will only consider jets from R? to R2.
The nice geometric conditions we expect for representatives of such jets are that they only have
fold singularities outside the origin and that they do not have singular double points. We must
therefore put up Lojasiewicz inequalities avoiding such singularities outside 0, and hopefully such
Lojasiewicz inequalities will be necessary and sufficient conditions for Ag-sufficiency of plane-to-
plane jets. We have however not been able to prove this in general. Let w : (R%,0) — (R2,0)
be a singular r-jet (identified with a polynomial map of degree < r) with singular set X(w).
Assume that w is not the zero jet and that 0 is not isolated in ¥(w). Then ¥(w) is a 1-
dimensional algebraic set. It follows that for small balls B(0, p) around 0, 0 is in the closure of
all components of (X(w) — {0}) N B(0, p) and the number of such components are independent
of the radius p. Let C1,...,Cxn be these components. By the curve selection lemma, we can
find analytic curves v; : [0,e) — R? for i = 1,..., N with +;(0) = 0 and 7;(0,¢) C C;. Let
n; = tl_i>r(r)1+ Yi(@#)/ ||I7i(t)]]. If all the n; are distinct, we say that C1,...,Cn have different tangent

directions at 0. Assume that C1, ..., Cy have different tangent directions at 0. For such jets, we
prove that there exist two Lojasiewicz inequalities which together are necessary and sufficient
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conditions for sufficiency. This result is Theorem in Section If we drop the hypothesis
about the tangent directions, we can prove that our inequalities are sufficient conditions, but we
have not suceeded in proving the necessity of both of these inequalities in the general case. For
jets w such that two components C; and C; of ¥(w) — {0} have the same tangent direction at
0, the distance between points in C; and C; may be small compared to the distance to 0. This
makes perturbation arguments complicated.

If we consider jets w where 0 is isolated in ¥(w), we can discard the second Lojasiewicz
inequality, and the first Lojasiewicz inequality will be a necessary and sufficient condition for
Ap-sufficiency. In fact, it turns out that this inequality is a necessary and sufficient condition
for Ro-sufficiency in €},(2,2) for such jets.

The statement of Theorem [2.2] in Section [2] below is a generalized and improved version of
a theorem announced without proof in the article [5]. Also Theorem is announced without
proof in [5].

The article is organized in the following way: In Section [2] we introduce some notation and
formulate the main results of the article. In Section [3| we write down the equations in the jet
space for certain sets of singular 1- and 2-jets, and we find expressions for distance functions
from jets to these singular sets. These distance functions will be used throughout the article.
We also discuss the smoothness of one of these distance functions and we prove Propostion
and Theorem [2.3] of Section [2] In Section [4] we prove that the two Lojasiewicz inequalities
formulated in Theorem in Section 2 are stable in the sense that all C"-representatives of
a jet satisfying the inequalities also satisfy similar inequalities. We also derive a number of
geometrical consequences of our Lojasiewicz inequalities.

In Section [5] we prove that the two Lojasiewicz inequalities of Theorem imply sufficiency
of the jet. In Section [6] we point out that every jet has a nice realization which has at most
only fold singularities outside 0, and avoids singular double points. We then prove that if some
of the inequalities of Theorem [2.2] are not satisfied, then we can find another bad realization
of the jet having singularities which are topologically different from the singularities of the nice
representative. (When we here consider the failure of the second Lojasiewicz inequality, we
consider only jets w such that the tangent directions at 0 of the components C1,...,Cy are
distinct.) This will prove that the Lojasiewicz inequalities are necessary for sufficiency of the jet
and therefore complete the proof of Theorem [2.2

In Section [7] we give examples of sufficient and non-sufficient jets.

Finally, in Section[8] we look at germs of one-parameter families of C"-maps and state sufficient
conditions for such families to be topologically trivial. The conditions are analogous to those
satisfied by one-parameter families of C"-realizations of sufficient jets.

2. THE MAIN THEOREM
Let J1(2,2) be the set of 1-jets (R%,0) — (R?,0). An element z € J(2,2) can be identified

with a linear map from R? to R? and thus with a matrix or (when we find it convenient) a

b
d
vector (a,b, c,d) € R%. Let J?(2,2) be the set of 2-jets (R?,0) — (R?,0). An element z € J%(2,2)
can be identified with a polynomial map

z(z,y) = (ax + by + ex® + 2fxy + gy°, cx + dy + ha’ + 2ixy + jy°).

Now J2(2,2) can be identified with R'? by identifying 2 with the tuple (a,b,...,j) and we
can therefore consider the splitting

(L,H) = (L., H.) = ((a,b,c,d), (e, f, g, h,i,7)) € R* x RS,
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Consider the set €(2,2) of C"-germs f : (R?,0) — (R?,0). Let r > 2 and let f : U — R?
be a representative of a germ in €p,1(2,2). For p € U we can define j'f(p) € J'(2,2) and
72f(p) € J*(2,2) as the 1- and 2-jet, respectively, of f((x,y) —|—p) — f(p) at (z,y) = 0. For
any f € €(,1(2,2) we can consequently define germs j*f : (R?,0) — J*(2,2) and jf : (R?,0) —
J?(2,2) and thus define the germ (Ly, Hy) by (Lg, Hy)(p) = (Lj2 4y Hj2p(p)). Let ' C J?(2,2)
be defined by

. a b aj — bi —cg + df 0
I'={(a,...,j) lad —bc =0, (c d) <—ai+bh+cf—de) - (0) b
via our identifications. We will see in Section |3 that " is the set of singular 2-jets which are not
folds.

Let w € J"(2,2) be a singular jet which we identify with a polynomial map w : R? — R? of
degree < r. Assume that 0 is not isolated in ¥(w) and that w is not the zero jet. Since ¥(w) is
algebraic, it follows that there exists po > 0 such that when 0 < p < pg then (2(w)—{0})NB(0, p)
(where B(0,p) C R? is the open ball with center 0 and radius p) is non-singular, has finitely
many topological components, 0 is in the closure of each component, and the number of such
components is independent of p (this follows for example from the results of chapter 2 of [I1]).
We denote these components by C1,...,Cxn with no reference to the ball B(0, p). As explained
in the introduction, these curves have a well defined tangent direction at the origin.

For each € > 0, define

H. = {pld(j'w(p),T) < elpl" .

Here & C J*(2,2) is the set of singular 1-jets, d(j'w(p), ¥) denotes the distance inf{||j'w(p) — z|| |
¥}, where ||-|| is the usual Euclidean norm when 1-jets are identified with vectors in R* (when
points in some finite dimensional linear spaces are identified with vectors in Euclidean spaces
[I]| will always (unless otherwise stated) denote the Euclidean norm via the identification). For
every € > 0, H, is a closed semialgebraic set with ¥(w) C H, (this is a consequence of Proposition
2.2.8 of [I] and the Tarski-Seidenberg Theorem).

We now have the following proposition:

Proposition 2.1. Let r > 2 and w € J"(2,2) be a singular, non-zero jet such that 0 is not
isolated in X(w). Let T, pg, C1,...,Cn and H. be as explained above. Consider the following
condition:

(I) There is a neighbourhood U of 0 and constants C' > 0 such that if p € U and (L,H) € T,
then

IZo(p) = LIl + || Ho(p) = Hl o]l = C [lp] "

Assume that condition (1) is satisfied. Then there exists €9 > 0 such that if po above is suf-
ficiently small, then the following is satisfied: For each open ball B(0,p) C R? with center 0
and radius p < po, and for each €, 0 < € < €y, (H. — {0}) N B(0, p) has exactly N connected
components, and we can label the components of (H. — {0}) N B(0, p) by Hy,...,Hy, such that
C; C H;.

Now we have:

Theorem 2.2 (Main Theorem). Let r > 2 and let w € J"(2,2) be a jet as described in Propo-
sition . Let T, Cy1,...,Cn and H, be as defined above and assume that condition (I) of
Proposition [2.) is satisfied. Let py and eq be as in the conclusion of [2.1. Consider the following

N
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condition :

(IT) There exist p > 0 with p < po and € > 0 with € < €y and a constant C' > 0 such that
if H; and Hj, i # j are components of (H. —{0}) N B(0, p) and p € H; U {0} and ¢ € H; U {0}
then

lo(p) = w(@l = Clpl™™" + llall"™") o —all.
Assume also that the condition (II) above is satisfied, then w is Ag-sufficient in E,(2,2) .

Moreover, the condition (I) of Proposition is a mecessary condition for Ag-sufficiency in
€111(2,2) for all jets in J"(2,2) with r > 2, and if we consider singular, non-zero jets w where 0
is not isolated in X(w), and where all the components Cy,...,Cxn of X(w) — {0} have different
tangent directions at 0, then condition (II) above is also a necessary condition for Ag-sufficiency
m E[T] (2, 2).

Remark 1. One may conjecture that (I) together with (II) is equivalent to Ag-sufficiency for all
jets with non isolated critical point at 0. In fact one may sharpen this, and restrict (IT) to X(w)
and conjecture that (I) together with this restricted version of (II) is equivalent to Ag-sufficiency
for all such jets. In two preprints [12] and [I3], the second author has verified this conjecture for
jets where all the components C, ..., Cx of ¥(w)— {0} have different tangent directions at 0, for
jets of rank 1 and for weighted homogeneous jets. In fact for homogeneous jets, Ag-sufficiency
is equivalent to the geometrical condition that the jets only have fold singularities outside 0 and
have no singular double points. The proofs of these results given in [12] and [13] depend however
heavily on the results and techniques given in this article.

For jets w where 0 is isolated in X (w) we have the following sufficiency theorem:

Theorem 2.3. Let w € J"(2,2) with r > 2 be a singular jet and assume that there exists a
neighborhood U of 0 such that ¥(w) NU = {0}. Then w is Ro-sufficient in Ep,1(2,2) if and only
if w satisfies the condition (I) in Proposition ,

Remark 2. Let w = (f, g). Note that Rg-sufficiency is by [2] (or [I4]) equivalent to an inequality
d(V£(p),Vg(p)) > C||p||"~*, in fact in [2] it is proven that this inequality also is equivalent to
Ag-sufficiency for jets with an isolated critical point at 0. We will see in Subsection below
that this inequality is trivially equivalent to the inequality d(j'w(p),¥) > C||p||"~t. The left
hand side of the inequality (I) in Proposition is a sort of measure of the distance from the
jet j%w(p) to the set of singular 2-jets which are not folds. So a priori, this is a much weaker
inequality than the inequality d(j'w(p), ) > C||p||"~*, but we will show in Subsection [4.1] that
these two inequalities actually are equivalent for jets w with 3¥(w) = {0}, proving Theorem
Together with the conclusion of Theorem we thus get that Ry-sufficiency, Ag-sufficiency and
(I) are equivalent conditions for jets in J"(2,2) with an isolated critical point at 0.

3. FoLDs

As remarked above, the left hand side of the inequality (I) of Proposition somehow mea-
sures the distance from the 2-jet j2w(p) to the set of singular jets which are not folds. To see
this we first have to study fold points and make some estimates in both J'(2,2) and J2(2,2).

By definition, a mapping F : R? — R? has a fold singularity at a point p if j1F(p) € X1,
where X! is the set of jets of rank 1, j1F th X! at p and ker DF(p) + T,X(F) = R% We say
that a jet z = (a, ... ,j) € J%(2,2) is a fold if the associated polynomial mapping z(z,y) =
(f(x,y),9(x,y)) = (ax + - - + gy?, cx + - - - + jy?) has a fold singularity at 0.
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We want to describe the set of folds in J2(2,2) explicitly. Since the Jacobian matrix of z at
0 is (‘CI b) ad — bc = 0 is the equation of the singular jets ¥ in J'(2,2). Consider the mapping
(a,b,c,d) — ad — bc. When (a,b, c,d) € X! the gradient of this mapping, (d, —c, —b, a), will be
a normal vector of X1 at (a,b,c,d). Then jlz h ©! if and only if at least one of (%jlz)(O),
(a%jlz)(O) is not perpendicular to (d, —c,—b, a), that is (ai._b}?_cf"‘de) # (3). On the other

aj—bi—cg+df
hand, we have Jz(z,y) = (%g—g - g—gg—g)(m‘, y), and a direct computation gives us that

ai—bh—cf—l—de)

VJ2(0) =2 (aj —bi—cg+df

For jlz m 31, the vector (Zgibb};:igigfe ) is therefore a normal vector to ¥(z) at 0. The vector
(7;5:;2;23’23’;) will consequently span TpX(z2), and the condition ker Dz(0) + ToX(2) = R? is
obviously equivalent to

aj—bi—cg+df\ (a b aj —bi —cg +df 0
DZ(O)(—ai+bh+cf—de)_(c i) \~ai+bh+cf—de) 7 o)
Thus we see that the set

. . . a b aj—bi—cg+df\ (0
F—{(aa-~-a1)ad_bc_0’(c d) (—ai+bh+cf—de ~\o }
is the set of singular 2-jets which are not folds.

3.1. Distance from a jet to ¥ in J'(2,2). Let F,G be nonnegative functions. We will use
the notation F' ~ G if there are constants s, > 0 such that sF' < G < tF. Consider a jet
z € J'(2,2) identified with a matrix M = (2%). By ||M|, we mean the standard Euclidean

norm || M| = (a2 4 b2 + ¢ + d?)z. Our first task will be to estimate the distance d(z,¥) from a

zto ¥ C JY(2,2).

Suppose X = (é B) is a singular jet realizing the distance R from (‘Z b) to X. It is clear that

X is an element of ©1. A normal vector to X! at (4 B)is (_5 ~%), so there is a t with
a b A B D -C
MX(o d)(C D>t<—B A)
2
B A B B D lad — b
et =t (& D) m-ne (5 )] el

Now, suppose [|(2)]] > [|(4)]|- Since (29) € =,
@)=31C I

re(e ) (2 0)]-

The same argument can be applied if ||( § | < H( )||, o0 in any case,

b
alll
By the triangle inequality,

2 “-2W@ZN<M35N<“nEM39W

giving

s}
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So from this and from the expression for R above, we get that

o |Jz(:v,y)| — ‘12 T |JZ(:U,y)|
62 CVp = B A0S SO VITEE T
and hence,
EECT I
33 1Dsa )] ~ )

for every non-zero jet z € J"(2,2).

3.2. Distance from a singular jet to I' in J?(2,2). Let z = (a,b,...,j) € J?(2,2) with
ad —bc = 0. Let

E=E,={weTl|L, =(a,b,c,d)}.
We want to estimate distance d(z, F), i.e. the distance from a singular 2-jet z to the set of
singular 2-jets with the same linear part as z satisfying the equation

Li\ _ fa b aj—bi—cg+df \ (0
(34) (L;) = (c d) (—ai+bh+cf —de) = (0) '
ab

If a =b=c=d=0, then the distance is 0 of course. Suppose (c d) is singular and non-zero.
E is the linear subspace R® with coordinates (e, ..., j) satisfying

a b aj —bi —cg +df
¢ d) \—ai+bh+cf—de
— <e’f’g7h’i’j) ' (_bd7 a’d+bc7_aca b27_2ab7a2) _ 0
“\(e, f,9. . ) - (=d?, 2¢d, ¢, bd, —ad — be,ac) ) — \0
So E = sp{v1, v2}t, where
vy = (—bd, ad + be, —ac, b*, —2ab, a*)
vy = (—d?,2cd, —c*,bd, —ad — be, ac).

If H, = (e, f,g,h,1,7), then the distance we are seeking is the length of the projection pg of
(e, f,g,h,i,7) onto E+. We notice that since (g Z) is singular, v; and vo are linearly dependent,
and assuming that none of them are zero (otherwise, the expressions simplify),

1( L . L )
PE=5|—=ut+—3v2],
2\ o [lo2l

(L] (Ll
R= == .
Ipz] 2(||v1||+|v2||

Suppose sup{a?,b?,c?,d?} € {a?,b?} and put N = ||(24)

and so the distance R is

||2. It is easily seen that

1
— N2 < (sup{a®,b?, 2, d*})? < ||Jo1||? < 12(sup{a?,b?, ¢, d?})? < 12N?,

16
and we get
1
(3.5) 7N <l < 2v3N.
In this case, R = L1l and
[lv]]
L 4|L
(3.6) Ll p 4]
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Similarly, if sup{a?, b2, c%,d?} € {c?,d?},

Lol _ Al
2V3N N
Notice that the left inequalities in (3.6) and (3.7)) hold without the assumptions regarding which
elements are realizing sup{a?, b?,c?,d?}. By adding the left sides of the inequalities (3.6) and

(3.7) we get (|L1| + |L2|)/(2v/3N) < 2R. Also, one of the inequalities on the right side of either
(3.6]) or must hold, so certainly 2R < 8(|L1| + |L2|)/N. We get

(3.7)

L L L L L L
(3.8) 2) 1l o Il 1Lal o gl *1Lal _glINE2/ ]
23N 2v/3N N N
From this we see that
Lo c d) \—ai+bh+cf—de
(3.9) N = 5 ~R=d(z,E,).

a b
c d
In the language of partial derivatives and differentials of a C" mapping f with p € X(f),
inequality (3.9)) reads

Pro (2750

1D (p)II*

3.3. Smoothness of the distance function and proofs of Proposition and Theo-
rem Let w € J"(2,2). Before we can prove Proposition we have to investigate the
smoothness properties of the distance map we are about to define. Let d : R? — R be the
map p — d(p) = d(j'w(p),X). We want information about where d is smooth. To this end,

(3.10) d(Hy(p), Ej2pp)) ~

let ' : J'(2,2) — R be the map A = (2 Z) — d(A,Y) = inf{]|]A - X|| | X € £}. Let
A= i Z) € JY(2,2) \ X. Consider B={Y|A—-Y € £}. Then Y € B if and only if there

exists w € R? with ||w|| = 1 such that Aw = Yw. Since |[|[Yw]| < Y]], we get that
inf{[|Aw]| | [[w] =1} < d'(A).

On the other hand, let A = inf{||Aw| | ||w| =1} and let w = (3) b
A = ||[Aw]||. Let Y be the matrix given by Yw = Aw and Y (7?) =
and it follows that

(3.11) d'(A) = inf{||Aw]| | [[w] = 1}.

e a unit vector such that
(8)- Then [[Y]| = [|Aw]|

From this we see that
d'(A) = (inf{|wT AT Aw|; |w| = 1})% = (inf{|3|; B eigenvalue of AT A})%.

Calculating the eigenvalues of the symmetric matrix AT A, we find that

a(4) = 2\/ 4] = /4]~ 4(det )2
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If we want to find an explicit expression for X = QZJ g} € 3 such that d'(A) = ||A — X]||, we

can use the method of Lagrange multipliers. The coordinates of X have to satisfy the following
equations:

(3.12) T —a=Aw
(3.13) y—b=—-Xz
(3.14) z—c=—-M\y
(3.15) w—d=\x
(3.16) zw —yz = 0.

Analyzing this system, we find that if | det(A4)| < |A||* (note that the inequality |det(A)| <
1 |A||” holds for any A), then A # £1 and then the solution of the above system is given by

a+ Ad _b—)\c c—Ab _d—i—)\a

(3.17) TET e YT iow fTisa YT i

where A is given by

Al + /Al - wdet AP AP —JIA]I* - 4(det 4)2
2det A 2det A ’

and X is given by (3.17) with A = )\1 From the expression of d’ above we see that d’ is smooth
when det A # 0 and |det Al # 1L 2, |A||?. d is consequently smooth on the complement of the set
S(w)U{p| |[Jw(p)| = % | Dw(p )|I?}. Denote this complement by V. Let

S=A{p=(z,y) e V| Vdp) - (y,—z) = 0}.

AL =

Then
S ={p € V|dlev||ql=|p|} has a stationary point at p}.
From the definition of V and the expression of d’ given above it follows that S is a semialgebraic
set. Now we have the following lemma:
Lemma 3.1. Assume w satisfies condition (I) of then there is a neighborhood U of 0 and
a C > 0 such that
d(p) = d(j'w(p), %) = C||p|""
when p e SNU.
Proof. Consider the set
D ={(p.4) c S x 2| ||jlw(p) - A| < ||lj'w(q) - B|
for all ¢ € S with ||p|| = ||l¢|| #0 and B € ¥}.
An application of the Tarski-Seidenberg Theorem shows that D is semialgebraic. Assume that
the inequality of the lemma is not satisfied. Then (0, j'w(0)) € D and the curve selection lemma
implies that we can find an analytic curve 4 : [0,5) — R? x 3 with 5((0,6)) € D and 7(0) =

(O,iy;lw(O)). Let (t) = (y(t), A(t)). We must have that ||jlw(~(t)) — A(t)|| = o(ly@®)|I"™ ).
et
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( d(t) —C(t)>

) —b(t)  a(t)

Felr() = A0 = ()P

where |s(t)] = || w(t) — A(t)||. For each t let 3;(u) be a curve such that 8;(0) = v(t), ||3;(u)|| =
1 and ||B;(u)|| = ||v(t)|| for each u. Let Ai(u) € X be such that d(jlw(Bi(u)),%) = Ay(u). Tt
is clear that A;(u) € ©!, and since A;(u) is given by equation with A = Ay, it is clear
that A:(u) is unique and smooth in u for small u. Moreover, A;(0) = A(t). By construction,

Then

HleU(ﬁt(u)) — At(u)H2 must have a stationary point for v = 0. So
i eBelw)) — A o
=2 (ijlw(ﬂdu))lu—o - CZLAAum_O) (frw(r(t) = A) = 0.

(Here ”-”denotes the standard Euclidean inner product in J!(2,2) identified with R* via the
coordinates (a b,c,d).)

Now, L Ay(u)|u=o € TawE", and since j'w(v(t)) — A(t) is a normal vector to Ty !, we
get that

(e @)lama ) - G2 (0) = A1) =

So

d(t) —c(t) dit) —c(t)
d (b(t) a(t)) (b(t) a(t)) _
<du] w(ﬂt(u))|u_0> : TA@] (Dj'w(y(®)w(t)) A 0,

where w(t) is the unit vector ﬁt( )u=0-

Let |[y(t)|| ~ ' and |s(t)| = Hj w((t)) = A(t)|| ~ t%. Then g > I(r — 1). Since we have that
&) - A@ ~ e,

we get that

(0w(0) = A ) - (P (0) - () ~
and consequently that

d(t) —c<t>>
-bt) alt)

a @) al)

Since iA(t) S TA(t)Zl, and (Z(t> _C(t)> is a a normal vector to TA(t)El, we must have

( d(t) —c(t))
t a(t
%(jlw(v(t)))' (||34(t)||() e
Now &(7'w(1(t))) = DIw((E)7'(8). Let o(t) = (2. Since [5/(2)] ~ -1, we get that
( z(t) (t))
20 __aO) _ g0ty — ofy(n) ).

t17t ~ (Dt w(y(t)v(t)) -

[A@)]]
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Let us consider v(t) and w(t) above as two unit vectors in T,HR?.  Since (t) is analytic,

v(t) = Hv((t))l\ and w(t)-v(t) = 0, we must have v(t)-w(t) — 0 ast — 0. Let e1(t) 8@ ov(t) and
es(t) = 70’7(75)’ we must then have eq (t) = s1(¢)v(t)+p1 (H)w(t) and ea(t) = s2(t)v(t)+p2(t)w(t),
where |s;(t)| < 2 and |p;(¢)| < 2 for small ¢. From this and from above we get that

(i)

1 —b(t a(t B o
(Dj w(y(t))er(t)) - A0 = o([rv®I")

and

(o)

. —=b(t a(t —
For fixed ¢, write j2w(v(t)) as in Section [2|in the form
F(r(®) = (@O + bty + - + JOy* e + d(b)y + - + (1)) -
Then . ~
pitwtan =2 (50 1)
We thus get that
i ( d(t) c(t))
) (g(t) f(t)) S\ a(®)
h(t) i(t) A@)]l
_pa(®)i(t) — b(®)h(t) — c(t)f(t) + d(t)é(t)
[A@
=o(|lv(®)]"?).
In a similar way we get that
,a(t)1(t) — b#) (|)A( )(l )g(t) +d)f(t) _ o7,
Let Z(t) be the singular 2- jet with Lz(t) = (a(t),b(t), c(t),d(t)) and
Hzpy = Hy((t) = (e(t) f@®),3 t),4(t), j(t) ) From above it is clear that
(a(t) b(ﬂ) ( a(t)j(t) - ():(t) c(t)g(t) + d(t) f (1) )H
ett)_d(t)) \ o) + b0he) + e el

a(t) b(t)
c(t) d(t)
From (3.9) it is then clear that there exists a jet 2(t) = (L.u),H.y)) € T with L,y =

(a(t),b(t), c(t),d(t)) such that HHw('y(t)) - Hz(t)H = o(||y(®)||""?). It follows that

1L (1(8) = Loy || + [[Ho (1) = Hany | Iy @) = o)1)
contradicting (I). O

Lemma 3.2. Assume w satisfies condition (1) of with neighbourhood U and constant C' > 0,
then

1Dw (@)l = Cllpll"™"



Ao-SUFFICIENCY OF JETS FROM R? TO R? 29

when p € U.

Proof. Tt is clear that (0, H,(p)) € T (where 0 is the zero-jet in J*(2,2)) for each p, so

1D ()] = | Lu(p) — O + | Ho(p) — Ho )] 2] = C o]

and the lemma follows. O

Proof of Proposition[2.1} Let w be as in Proposition satisfying condition (I). As pointed
out above, the function d is smooth at points p which are not singular and satisfy |Jw(p)| #
%HDw(p)HQ. Let the radius pp in the statement of Proposition also be chosen so small
that the conclusions of Lemma and Lemma hold when U = B(0,p) and 0 < p < pp.
From Lemma it then follows that if d is not smooth at p and p is a regular point, then
[Jw(p)| = L1 Dw(®)|? > < | Dw(p)]| [Ipl|"~", where C is given in Lemma So, if e < 252(,
it follows from inequality that d is smooth in (H.—X(w))NB(0, p) when p < pg. Also assume
that € < C' where this time C is the constant of Lemma It follows that (H. — {0}) N B(0, p)
contains no points in S when p < po.

The set (H. — {0}) N B(0, p) is semialgebraic and has consequently finitely many connected
components, and each component C; is contained in one such component. If pg is chosen small
enough, we may apply Theorem 9.3.6 of [I], and conclude that H. N B(0, p) is homeomorphic
to the cone with vertex 0 and basis H. N {p| ||p|| = p}. Since this basis is semialgebraic, and
hence a finite union of closed segments and isolated points, it follows that each component of
(He —{0}) N B(0, p) is a cone with the vertex 0 removed and with basis either a closed segment
or a point of the circle {p| ||p|| = p}. Consider such a component Hj of (H. — {0}) N B(0, p)
and a point p € Hy. Assume Hj contains none of the components C;. If p is an isolated point
in Hy N {q| llgll = llpll}, then p is a local minimum of the function d|(q|q=|p|3- If P is not
isolated, then p is a point in Hi N {q| ||¢|| = ||p||} and this set is a 1-dimensional compact curve
which also must contain a local minimum of the function d|¢4 || q|=|p|} In its interior. Since Hj,
does not contain any of the curves Cj, d|(q|q|=|p|l} 15 Smooth at this local minimum so this
minimum must be a point in S. From above we have that this is impossible.

If Hj, contains two components C;, C; of X(w) — {0}, then Hy N {q]| ||g|| = ||p||} contains a
1-dimensional compact curve such that the end-points of this curve are singular points and the
interior points are non-singular. Then the function d|(,|q|=|p|} Must have a local maximum
at an interior point of this curve. Again, this point must be a point in S which is impossible.
We therefore conclude that it is impossible that a component of (H. — {0}) N B(0, p) contains
several or no components of ¥(w) — {0}. This completes the proof of Proposition O

Proof of Theorem[2.3 We will need the following lemma.
Lemma 3.3. Let w be a jet with X(w) = {0} (as a set germ at 0). Consider the following

inequality:
There exist a constant C' and a neighbourhood U of 0 such that

T) d(p) = d(j'w(p),T) > C |
forp e U. Then (I') is equivalent with the inequality (I) of Proposition .

Proof of Lemma[3.3 Assume that the inequality (I) is not satisfied. Then we can find a se-
quence p, — 0 such that d(j'w(pn),¥) = o(|lpa]|”""). If p is a point such that |Jw(p)| =
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i | Dw(p)||?, then it follows from the estimates in Gi and Lemma that

] ey el _
A" (p).X) 2 (2= V) e
22 pu 2 E e i

where C' is given in Lemma It follows from this and the existence of the sequence p,, that
the function d| ;| ||p|=p} must have an absolute minimum at points p where d is smooth, hence in
the set S, when p is sufficiently small. Let p be such a point. From Lemma [3.]it follows however
that if ||p|| is small then d(p) > C||p|"~" for some C independent of p, and since dl{p Ipll=p}
attains an absolute minimum at p this contradicts the existence of the sequence p,. So (I') must
be satisfied.

Let 77 : J?(2,2) — J'(2,2) be the canonical projection. Then I' C (77)~!(X) and from this, the
implication (I')=-(I) is obvious. O

Let f and g be the components of w. As pointed out in Remark [2] it follows from Lemma
that we only need to prove the equivalence of the inequality d(jlw(p), %) > C p||T_1 and
the inequality d(Vf(p),Vg(p)) > C|p|"™" of 2] (or [14]). From Subsection we have
d(jlw(p), L) ~ 122  From the definition in [2], we get that

D)
Vf(p)-Vgp) ~ Vyg(p) - V£(p)
[IVg(p)lI? IV f(p)II?

If say, [Vf()|l = [[Vg(p)||, then a straightforward calculation shows that

_ e Jwp)| 1
=) = D] = VY P Vo)

d(Vf(p), Vg(p)) = min{||Vf(p) — V() [IVg(p) Vi)l

d(Vf(p), Vg(p))

hence
|Jw(p)|

AV 1@, VeP) ~ 5000

and consequently

d(V f(p),Vg(p)) ~ d(j'w(p),%).
The conclusion of Theorem follows from this. O

4. STABILITY OF THE LOJASIEWICZ INEQUALITIES

In this section we prove that the Lojasiewicz inequalities (I) of 2.1]and (II) of 2.2] are in some
sense stable under perturbations of the jet by C"- mappings with r-jet vanishing to r-th order at
0, and we derive some important geometrical consequences of the two Lojasiewicz inequalities.

4.1. Lojasiewicz inequality (I).. From now on, let w = (f,g) € J"(2,2) for some r > 2 and
with 0 not isolated in ¥ (w). Let @ = (f,§) be a C" map with j"©(0) = 0. For t € R, put
wi(p) = w(p) + t&(p) = (fi, g¢). Also, let € > 0 and let U be a neighbourhood of 0 € R2.

Lemma 4.1. Assume that w satisfies the condition (I) of Propositionfor some neighbourhood
U of 0 and some constant C > 0. Then there are constants 0 < C' < C and ¢ > 0 and a
neighbourhood U’ of 0 such that if t € (—e,1 + €), then condition (I) with constant C' holds for
we in U’
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Proof. Let (L,H) € I'. By the triangle inequality,

[ Le, (P) = LIl = [| Lo (p) = LIl = [t [ La ()] = [ L (p) = LIl = (L + €) | L (P)]] ,
and similarly,
1He, (p) = H|| = [[Ho(p) = H[| = (1 + €) [ Ha(p)]] -

Hence,
| Lo, (p) — L|| + [[He, (p) — H|| |l
2|1 Lu(p) = Ll = (1 + €) [[La ()| + [[Hu(p) — HI| — (1 4 €) [ Ha (p)]) |l
C r—1
>
>l
when U’ is so small that ”HLHSP)J‘ < 4(1+6) and HHIZIJ\J’@H < 4(1+6 Such a neighbourhood U’ exists
for any € > 0 sincej @(0) = 0 implies that ||Lg(p)|| = o(|[pl|"™") and that ||Hx(p)|| = o(|lp]" ).
Putting C' = & completes the proof. O

4.2. Stability of Lojasiewicz inequality (II). Let w and w; be as in Subsection but
assume that » > 2. We assume that w satisfies condition (I) of Proposition and that U,
C and € are so small that by Lemma (I) also is satisfied for wy, t € (—€,1 4+ €). Let
F:U x (—€,1+¢) — R3 be the 1-parameter unfolding of w given by (p,t) — (wi(p), t).

Lemma 4.2. There are constants C',e > 0 such that if t € (—e,14€) andp € UN(Z(wy) \ {0}),
then

[V Jwi(p)|l
(1D ()l =

Proof. For p € U N (X(w;) \ {0}) we can choose H such that (L, (p), H) € T. Inequality (I)
implies that for t € I = (—¢,1 + ¢),

(4.2) 1Ho, (p) = HI| o]l = C o]

(4.1) > lpl|"

Choose H of this type, minimizing the distance || H,, (p) — H||. It follows from Schwartz inequal-
ity and (3.8) that

—Jwt P
2t (5|
IV Iol = )

[ Dewr(p)| — 1Dw: (p)*

The lemma follows by choosing C’ < %. d

C . -
(4.3) 2 —H| = 2 vl .

OO\'—‘

Let Fy = F|n{o})x(—e14e)- 1t is easily seen that JF(p,t) = Jw(p). Thus, Lemma
implies that 0 is a regular value of JFj and we can conclude that ¥(Fp) is a 2-dimensional C"~
submanifold of R3. Define a vector field v on X(F) by

(0,0,1), ifp=0
v(p,t) = pr(p,t) otherwise
[pr(p,t)],’ ’

where pr means the projection of k = (0,0, 1) into the tangent plane of the manifold 3(Fp) and
vy denotes the t-component of any vector v. Notice that v = 1 on X(F).

Lemma 4.3. |[v(p,t) — (0,0, 1) = o(|lpll)-
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Proof. In block-form the matrix of DF reads
o Dwt w
pr= (% 9.
As mentioned above, we see that JF = 0 & Jw, = 0. Put h(p,t) = Jwi(p). Then X(F) =
h=1(0), and hence, Vh(p,t) L T(, 4 E(Fp).

Let pn(p,t) be the projection of k = (0,0,1) onto sp{Vh(p,t)}. The projection pr(p,t) of
k into T{, X(Fp) is

ah
pr=k—-pyv=k—- %
|Vhl®
2
The t-component of pr equals ”Fé;’ﬁﬂ . Thus,
2 oh
v %

IVJwe* [V T
Using that vy = 1, we get

Ea
_x| = .
V== 1 e

oh

Now, 5 = %Jwt, where

_ 0f05 005  0fdg 0f0g\ . -
Jwt_Jw+t<8x6y 8y6$+8x8y 6y6x>+t<]w'

From Lemmawe have that || Dw(p)|| > C||p||"". Since
Jao(p) = o(llpll"™" - lIplI"™")
af05 9fodg  0fdg 9f dg r—1
et Rt B NNt R R Bk & = D
we can conclude that %(p, t) = o(|lp|l”~") ||Dw(p)||. By rearranging the terms of (1)) we obtain

2—r
P |
IVJwi(p)ll = C" | D (p) |

Combining all this and the fact that || Dw,(p)| = || Dw(p)|| + o(||p||" "), we get

and

Oh
[v(p,t) — (0,0,1) = Hva}ii’g)'”
= o[lpll" ™) - | Dw(p)l| - C’|pD”a;(p)||

= o(llplD-
O

We are now going to extend the vector field v to a vector field £ defined and continuous on all
of U x (—e, 1 +¢€). For simplicity, let I = (—e,1+4¢€) and Uy = U — {0}. Recall that Fy = F|yyx7-

Let ¢ € Ug x I, If g € ¥(Fp), we can find an open neighbourhood V of ¢ in R® and a C"~1-
diffeomorphism @ : V' — W of V onto an open neighbourhood W of the origin in R? such that
O(VNXE(Fy)) =WnN(R? x {0}). In W, define a vector field vg by

vo(z,y,2) = D<I>(<I>_1 (z,y, 0))v(<I>_1 (z,9,0)).
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Now, put V; =V and define

Wy(p,t) = DO (p, 1))va(P(p,t))

for (p,t) € V. When g € Up x I —X(F), put V,; = Up x I —X(F) and define w, = (0,0,1) on V.
Gluing these locally defined vector fields together by a partition of unity argument and scaling
the resulting vector field such that the ¢-component becomes identically 1, we get a vector field
¢ defined on Uy x I extending v. If the V,’s corresponding to points ¢ € X(Fp) are chosen small
enough, we obtain

(4.4) 1€(p, 1) = (0,0, 1)[| = o([|p[])-

We can extend £ to all of U x I by defining £(0,0,¢) = (0,0,1).

This new vector field ¢ is continuous, and by construction, ¢ is C"=2 on Uy x I. We have
assumed that r > 2, so € is at least C'. Thus for every p € Uy x I there is a local flow line
through p. Of course, the curve v : I — U x I, t — (0,0,t), is a flow line through every point of
{0} x I. Thus we have local solutions of ¢ through every point of U x I. Although ¢ itself is not
differentiable on the ¢-axis we will see that [£.4] is sufficient for £ to have a continuous flow near
the t-axis. In fact we have:

Lemma 4.4. There is an open neighbourhood U' C U of the origin in R? and an injective
continuous map ¢ : U' x I — R3 such that ¥ (p,t) € U’ x I,

6.0 = (), 6B.0)=E.0)  and 60 = (1)

Proof. Equation and the differentiability of £ in Uy x I imply that the Lipschitz condition
of Theorem 2 in [§] is satisfied by £&. Thus we can find the flow ¢ of Theorem 2 in [§]. From
and the fact that the t-component of £ is 1, it clear that if U’ is small enough the flow line
through each (p,0), p € U’ must reach every t-level in I before it reaches the boundary of U x I.
Putting ¢(p,t) = ¢(t, (p,0)) we get the desired map ¢. Since £ has t-component equal 1, ¢ can
be written as ¢(p,t) = (hi(p),t) for some level-map h;. O

Since & is tangent to X(F), we get a map Z(w) X {0} — X(w¢) x {t} given by (p,0) — ¢(p,t) =
(ht(p),t). This is a homeomorphism of X (w) x {0} onto its image. The map ¢ therefore induces
homeomorphisms h¢|s,) @ L(w) — X(wy).

Lemma 4.5. Let 0 < § < e, then sup ||he(p) — pll = o(|Ipl])-
te[—6,144]

Proof. Suppose there is a constant K > 0 and a sequence {p,} such that ||p,| — 0 and

sup ”ht(pn) *pn” > K Han .
te[—6,149]
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Write ¢(p,t) = ¢p(t) = (d5(1), 95(t), 1), §(v,1) = (§'(v,1),%(v,1),1) and p, = (py,,p7). Apply-
ing the Mean Value Theorem and equation (4.4)), we get that

K ”an < sup Hht(pn) _an
te[—6,1+9]

= sup |[(¢p. (), 82 (1) — (ph: 22|
te[—4,144]

9 d
<2(1 426 lt’th
( )te[ftilg-g-(ﬂ (625 p"( ) ot Pn( ))

=2(1+28) sup [|(E"(¢p, (1)), E2 (6, (1)) ]

te[—6,146]
= 2(1+ 29) || ({1(11”,15”),{2(11”,15”)) H = o([lvall)

for (vn,t,) on the curve ¢, with

(6 (Wnstn), Ensta))|| = sup  ||(€1(p, (5))s €2 (¢, (5))) ]| -

—0<s<1+4

Suppose ||vn|| < 2||pn||. Then we get the contradiction K ||p,|| < o(||px||). If this assumption
is wrong, we can find a subsequence of {v, } with ||v,| > 2||p.||. Let C be the trace of mo ¢, ,
where 7 : R? — R? is the projection onto the first two coordinates. We consider the arc length
of C, and see that

5 ||'UnH < [lonll = llpnl </ (67 (85, (), 6% (¢p,.(5))) || ds
< (1+29) H( Unvtn)7§2(vnv n )H = o(||vall)

which is a new contradiction. The lemma follows. (]
Lemma 4.6. For small e > 0,t € I, X(w;) C H, in a neighbourhood of the origin in R?.
Proof. From the proof of Lemma we get
Jw(p) = Jwr(p) + o(llpll" ") | Dw(p)]| -
If p e (wy), % o(|[p|"™™"), and the lemma follows from of Subsection O

Remark 3. Let & be a C"-realization of w, then we can define a family w; = w+t(& —w) of C"-
realizations such that wy = @&. Let C1,...,Cn be the connected components of (w)\ {0}. Since
Y(w) \ {0} and X(w) \ {0} are homeomorphic, ¥(w;) \ {0} consists of N connected components
for each t. Let hy, t € I be the family of homeomorphisms constructed above. Since ho(C;) = C;
and the set {h(p) |p € C;i, t € I'} is connected, it follows from the Lemma [4.6| and Proposition
that each ¥(w;) \ {0} has exactly one connected component in each H;. So if € > 0 is chosen
so small that the conclusion of 2.1] holds, each such realization @ of w has exactly one connected
component of X(@) \ {0} in each connected component of H. — {0}.

The corollary below gives a sort of stability property of inequality (II) under perturbation of
the jet by C"-mappings with r-jet vanishing at 0.

Corollary 4.7. Let the hypothesis be as in Theorem and assume that inequality (II) holds
for w with a constant C > 0. Let w; be as above. Then there exists a neighbourhood U of
0 € R? such that if t € [0,1] and p,q € X(w;) N U are points belonging to different components
of Z(w) \ {0}, then

lwr (p) = wie(a)l] = %(HPH + gl e —all.
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The inequality also holds if either p or q is equal 0.

Proof. Write w; = w + t@. Since j7@(0) = 0 we have | D&(p)|| = o(||p]|"~") where this time
[|D&(p)|| denotes the operator norm. From this follows that

/0 Dé(sp+ (1= s)q)(p—q)ds

sup [[D@(sp+ (1 - s)q)l [lp — 4l
s€[0,1]

-1 -1
=o(llplI"™" + llall"™) llp — gl -

From Remark we get that, if U is sufficiently small, then there exists 4,7, ¢ # j such that
p € H; and g € H;. From inequality (II) and above it follows that

[wi(p) = wi(@ = l(w(p) — w(@)) + Ho(p) — ©(a)l]
> Jlw(p) = w(@l = [t lo(p) — (gl

1 —1 —1 -1
> C(lIpll"™ + ™) llp = all = o(llpl"™™ + llgl™) llp — qll

C -1 -1
> 5 U™ +llal™ ) lIp — all -

1) — o(a)]| = \

IA

Since ||@(p)|| = o(||p||"), the last statement of the corollary follows easily from (II) if say, ¢ =
0. (I

4.3. Consequences of (I) and (II). The inequalities (I) and (II) from Proposition and
Theorem have several implications which will be important to us.

Lemma 4.8. Ifw € J"(2,2) satisfies (1) and (II) in a neighbourhood U of the origin, then there
is a constant K > 0 such that ||w(p)|| > K ||p||” for all p in a neighbourhood of the origin.

Proof. Let
A:{p| lo@)l = min ||w(q>||,p,quo}.
llall=llpl

An application of the Tarski-Seidenberg Theorem shows that A is a semi-algebraic set. Hence,
we can apply the curve selection lemma to find an analytic curve 3 : [0,€) — R? with 3(0) = 0
and ((0,¢) C A. Let s be chosen such that ||3(¢)|| ~ t* as ¢ — 0. Assume that the lemma
is false. Then ||w(B(t))] = o(||B(t)||") = o(t™), and differentiation with respect to t gives
| Dw(B(t)B (t)|| = o(t"*~1), and since we have that ||3'(t)|| ~ t*~! we obtain

B(t) ‘
D t
|o-wory
Since 8'(t)/ |18’ (t)]| is a unit vector, it follows from of Subsectionthat d(jrw(B(t)),X) =

o(|B(H)|"") and we get that 8(t) € H.. From (II) with p = S(¢) and ¢ = 0, we get that
lw(B(t)] = C|1B(t)|", which is a contradiction. O

= o(t™ ) = o([|B)").

Corollary 4.9. Suppose (I) and (II) hold. Then there is a neighbourhood U of the origin and
a constant K > 0 such that

lwe ()| = K |lpll"
foralltel andp e U.

Proof. This follows easily from Lemma [4.8| since ||w;(p)|| = [|w(p)|| + o(|lp|")- O
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Remark 4. The hypothesis of Lemma [4.8| can be weakened. In fact, the lemma follows from
inequality (I) alone. This can be seen as follows: If there is a sequence p, — 0 such that
llw(pn)ll = o(||lpn]l”), then we may apply a variant of the technique in the proof of Lemma
below to show that w has a C"- representative which is identically equal 0 along some non-
constant curve starting at 0. Such a representative has singular points different from folds along
this curve, and hence cannot satisfy (I). This will however contradict the conclusion of Lemma

4Tl

Lemma 4.10. Letr > 2. Letw = (f,g) € J"(2,2) be as in the hypothesis of Proposition and
assume w satisfies (I) of Proposition then there is a neighbourhood U of 0 and a constant
C > 0 such that for each i either

Vp € Hy, V()| = C llp|"™
or

Vp € Hy, [[Vg()| > CplI" "

Proof. Assume the lemma is false. Then, by the technique employed in the proof of Lemma [4.8]
there exist analytic curves 8(t) and v(¢), t € [0,0) with 5(0) = v(0) = (0,0), 5(0,d),~(0,d) C H;
for sufficiently small § > 0 such that

(4.5) IV FBE) = o(IB®)™)
and

(4.6) IVg(y@)Il = o(Iv@®)II"™),
for ¢ > 0. We claim that

(4.7) F(B@) = o(IBO)-

To see this, assume ||5(t)|| ~ t° and let u be such that |f(5(¢))| ~ t*. Then |%f(5(t))| ~ el

and also
L FGEE =19 FG@) 0] < IVFE@- 150 = o).

It follows that w — 1 > sr — 1 and the claim follows from this. In the same manner we get

(4.8) g(v(®)) = o([lv(B)I")-

We consider the curve 3, and follow an argument of Kuo’s article [9]. By a suitable rotation
of R? we can make 3 tangent to the z-axis at 0. Assume this is the case. By a change of
parameter if necessary, 81(t) = t° and |B2(t)] = o(t*). We make a C' change of coordinates:
X=z,Y=y—03(z l) In these coordinates, 3 is the positive X-axis.

Using the Taylor expansion of f about 0, we can write f as a polynomial in Y as follows:

(4.9) fla,y) = FOX,Y + Bo(1X[5)) = fo(X) + LX)Y + fo(X)Y2 4 -

Putting Y = 0, we get that fo(X) = f(X,52(|X|*)) and we see from that the function
folx) = fo(lz]), is a C" map with 5" fo(0) = 0. Differentiating with respect to Y and
putting ¥ = 0, we see that fi(X) = %(X, B2(]X|*)), and it follows from that the function
fi(z) = fi(Jz|) is a € function with 57~ f1(0) = 0.

Let K = {(z,y)] |y| < |z|,# > 0} N B,(0) where B,(0) is some small open ball around
0. Define F(z,y) = fi(z)(y — B2(|z|*)). F is analytic at points (z,y) with # # 0. From
(4.5) it follows that (Z—n;fl(a:) = o(|z|"~1=™) for m > 0. Furthermore since B2(t) = o(t%),

we get that 2o (y — Ba(|z]+)) = o(jz[*~™) when m > 0. Also, |y — Ba(|z|*)| < 2|z| when

oOxm
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(z,y) € K. Altogether this implies that %(ﬁ‘)(p) = o(|(z,y)|"~I"™!) with m = (mq1,ms)
when p = (z,y) € K — {0}.

Now let @ be the r-th order Taylor field on K with values in R defined by Q™(0) = 0 for
all m and Q™(p) = L( F)(p) for all m = (my,my) and all p € K \ {0}. It follows from

zmioy™2
Lemma [£.17] below that Qy is a C"-Whitney field. Thus, by Whitney’s Extension Theorem @
has a C"-extension F defined on a neighbourhood of 0 € R? such that j"F(0) = 0 (see [10] for
a statement and proof of Whitney’s Extension Theorem).

Apply the same construction to g along v to obtain gy and G as C"-functions both with r-jet

equal 0 at (0). Then define
©=(f.0)=(~fo-F.g-g-G).

Then @ is a C"-realization of w, and by construction, V.f = 0 along B(t) and V§ = 0 along ().
If the traces of S and  are the same, then obviously @ has singularities which are not folds
along this curve, which contradicts Lemma If the traces of 8 and  are not intersecting in
a neighbourhood of 0, then we have found a C"-realization @ of w such that X(&) \ {0} has at
least two connected components in H;. This will however contradict Remark [3] O

Lemma 4.11. Let U C R"™ be an open set with 0 € U. Let F be a C"-function defined on U.

Assume that agzlf( ) = 0 when p — 0 for each multiindex o with |a| < r. Let K C {0} UU
be a compact conver set with 0 € K. Let Q be the r-th order Taylor field on K defined by

Q*(p) = da:a Ep)ifp#0, and Q*(p) =0 if p=0, |a| <r. Then Q is a C"-Whitney field.

Proof. Let p,q € K. Let m = (mq,...,my) be a multiindex with |m| <r. Let

ox™ all...an!Q (9)(z—a))
la|<r xz=p

R,Q™(p) =Q™(p) —

We must show that R,Q™(p) = o(|lp — qHT_Im‘) for each such multiindex m. We will only show
this when m = 0 = (0,...,0) since the proof is similar when |m| > 0. Extend F to {0} UU by
putting F(0) = 0. Let p,q € K and define ¢g(t) = F(tp+ (1 — t)qg). Then g can be extended to a
C" function on some open interval containing [0, 1] (if ¢ or p is 0 extend g to the zero-function
on (—e¢,0) or (1,1 + €) respectively). Note that

990 = Y Qi+ (1= 00— 0)*

o=k

for t € [0,1]. So, by applying an integral version of Taylor’s formula with remainder, we get

1
K T— 1 T
Q) Zk,g““ = o= L V00— S0

1
- % / (1) — g (0)(1 — £y dt

- =T Z/ @+ (1= 00) — Q@) — O ) — )"

Now, each Q¢ is continuous on the compact, convex set K and therefore uniformly continuous,
and from this it follows easily that fol (Q*(tp+(1—1)q) —Q*(q))(1—t)"~tdt — 0 when ||p — ¢|| —
0. Since |(p — q)®| < |lp — q||" when |a| = r, we thus get that B,Q°(p) = o(|lp — ¢||"). O
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Lemma 4.12. Ifw = (f,g) € J"(2,2) satisfies the inequalities (I) and (II) in a neighbourhood
U of 0, then there is a smaller neighbourhood U’ of 0 such that F|s(pynw:xr1) 5 injective.

Proof. It is enough to show that w; is injective when restricted to ¥(w;). Consider the component
H; for some i. By Lemmawe may assume that ||V f(p)|| > C||p|"~" for all p in H;. Then
there is a smaller neighbourhood V of 0 such that |V f;(p)| > < [pll”™" for all ¢ and p € H;.
As before, j2w;(p) is identified with the 10-tuple (a,...,j). ¥(w;) is given by the equation
ad — bc = 0. Suppose fi|s(w,) has an extremum at p € H; N X(w;). By the method of Lagrange
multipliers, at p,

a:A.a;;"t = Aai — bh — cf + de)
b:)\.ag:t — Aaj — bi — cg + df).

We have (a,0) = [|[V£;(p)|| > S |lp|"~" # 0 which implies that X # 0 and hence,

a b aj—bi—cg+df \ (0
c d —at+bh+cf—de )\ 0 )~

This means that (L., (p), H,,(p)) € T'. The conclusion must be that every such p lies outside
some open neighbourhood of the origin, since w; by assumption satisfies (I). Hence f; and
consequently wy is injective when restricted to the component of 3(w;)\ {0} lying in H;. Together
with Corollary this proves the lemma. O

Recall the definition of Fy given above Lemma Let M = X(Fp) and Q = F(M).

Lemma 4.13. Let U be chosen so small that the conclusions of Lemma [{.1] and Lemma [.13
hold. Then  is a two-dimensional C"~' submanifold of the target.

Proof. F|3; is an injective continuous map from a compact space to a Hausdorff space, so it
must be a homeomorphism onto its image. So F|js is a topological embedding and by Lemma
F|pr is a C"~! immersion, hence a C"~! embedding. Thus  is a C"~! manifold. O

5. CONSTRUCTION OF TRIVIALIZING VECTOR FIELDS IN SOURCE AND TARGET

Let w € J"(2,2) be as in the hypothesis of Proposition assume that r > 2 and that w
satisfies the inequalities (I) and (II) in a neighbourhood U of 0. Let F, M and 2 be as in Section [4]
and assume that the neighborhood U in the definition of M and €2 also is chosen so small that the
conclusion of Corollary|4.9holds. Clearly, Corollary 4.9|implies that F((U—U)xI)N{0} xI = &.
It follows that we can find a neighborhood V' of 0 in R? such that (QU({0} x I))N(V x I) is closed
in V' xI. Let us change notation and denote QN (V xI) by Q2. Let (q,t) = (we(p),t) = F(p,t) € Q
for (p,t) € M. Since F|j; has rank 2 everywhere, DF(p,t)v € T, 1§ for all v € R®. With
this in mind, we can define a tangent vector field u on Q by

u(q,t) = u(F(p,t)) = DF((p,1))(0,0,1) = (&(p), 1).
Since wy(p) = w(p) + two(p) and ||&(p)|| = o(|[p||"), it follows from Corollary that

u(F(p, 1)) = (0,0, 1)[| = o(flwe (p)[I) = o(ll4l)-
This equation is similar to the conclusion of Lemma Put ulo1x7 = (0,0,1). Since Q is a
C"~! manifold in the target, u can be extended to a neighborhood V x I of {0} x I in a way
completely analogous to the way the vector field v, defined in Subsection [4:2] was extended to
all of source. We scale this extended vector field such that the component in the t¢-direction
becomes 1 and denote this vector field by 1. By this construction,  becomes C"~2 outside the
t-axis, and we get the following lemma which is similar to .
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Lemma 5.1. ||77(Qat) - (0,07 1)” - O(Hq”)

This lemma implies that n like the vector field £ constructed in Subsection satisfies the
hypothesis of Kuo’s Theorem 3 in [8]. Therefore 7 has a continuous flow ¢ in V' x I. Moreover,
since the component of 7 in the t-direction equals 1, each flow line will live until it reaches either
(V—=V)xTorV x{—e1+¢e}. An easy estimate using shows that if V3 C V is sufficiently
small and (g,t) € V1 x I then ¢, ) will stay close to {0} x I and therefore reach V' x {—¢, 1+ ¢}
and therefore cannot have any closure points in (V —V) x I. So when (q,t) € V; x I we can define
the flow (q.4)(s) for s € (—e — 1,1+ € —t), especially each flow line through points in V; x {0}
can be defined on I, and we will get a map k : V; x I — R? defined by k(q,t) = ki(q) = Y(q,0) (1)
Each k; is a homeomorphism which maps the 0-level of €2 to the ¢-level of 2. Let us choose such
a neighborhood V; and let U; C U be a neighborhood of 0 in R? such that FUy xI)cVyx1.
Define a tangent vector field w on M N (U; x I) by

DF((p,t))w(p.t) = u(F(p,t)).
This definition is unambiguous because we have required w to be tangential and F|pn @, x1) :

M N (Up x I) = Q is an immersion. Put w|gyx; = (0,0,1). Outside M U {0} x I, DF is
invertible so we can define an extension ¢ of w to all of source by the equation

DF(p,t)C(pa t) = 77(F(P’ t))
We are now going to show that ¢ has a continuous flow. To this end, we will need the lemma
below.

Lemma 5.2. If p € M, then there is a neighbourhood W of p such that for all ¢ € W, F(q) €
Q=qec M.

Proof. Let p € M. Then p is a fold point and if r > 4, this will follow from the standard normal
form of a fold. When r > 2, there are (for example following the arguments in [I5] Section
15), C"~l-coordinates (z,y,t) around p, (u,v,t) around F(p) in which p = (0,0,0) = F(p) and
such that in these coordinates F' has the form F(x,y,t) = (x,h(x,y,t),t) where h(x,0,t) =
88 (,0,t) = 0 # 24(0,0,0). In these coordinates, %(F) = {y = 0} and F((F)) = {v = 0}.
The lemma now follows by an easy argument using Taylor’s formula. O

The existence and continuity of the flow of 7 is given in the following lemma.

Lemma 5.3. Let 0 < § < €. Then there exists a neighborhood Uy C Uy such that ¢ has a
continuous flow ¥(p,t,s) = 9, 4)(s) in the set {(p,t,s) | (p,t) € Ua x (=6,1+0), s € (=0 —t,1+
0—1t)}.

Proof. Again, change notation and put M := M N(U; x I). Consider {{0} x I, M,U; x I\X(F)}
as a stratification of Uy x I. We can think of { as a stratified vector field whose restriction to
each stratum is a C"~2-vector field. These restrictions have each a C"~2- flow defined on each
stratum. For each p = (z,y,t) € Uy x I, let ¥(p,s) = 9,(s) denote the flow through p of the
restriction of ¢ to the stratum of p. Let 9, be defined on its maximal interval of existence. Now
we will prove that this flow is continuous, by using the continuous flow in the target to control
the flow in the source.

To this end, consider the vector field 7 in the target which also can be considered as a
stratified vector field with respect to the stratification {{0} x I,Q,(V \ {0}) x I\ Q}. Since n
has a continuous flow on V' x I and each flow line lives until it reaches the boundary of V' x I,
each flow line stays in its respective stratum and no flow line can have closure points belonging
to lower dimensional strata. From the equation DF((p,t)){(p,t) = n(F(p,t)), we get that the
flow of ¢ is mapped to the flow ¢ of n. Let p € (Uy — {0}) x I. Then the flow line 1, is mapped
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to the flow line 9, which is a flow line either in € or in (V'\ {0}) x I'\ ©, and therefore cannot
have a closure point in {0} x I. It follows that ¥, cannot have a closure point in {0} x I either.
By the same sort of arguments it follows that if F'(p) € (V \ {0}) x I\ © then 9, cannot have
a closure point in M either. When p € Uy x I\ £(F) and F(p) € Q, F(3,) is a flow line of n
in Q. It then follows from Lemma that ¥, cannot have a closure point in M either. So, for
each p € U x I, each flow line 1, does not have closure points in lower dimensional strata and
since the component of ¢ in the t¢-direction equals 1, each flow line ¥, can be continued until it
meets the boundary of Uy x I.

Let U’ be a neighborhood of 0 € R? such that U c Uy, and let 0 < § < e. We will prove
that there exists another neighborhood U ¢ U € U’ such that flow lines of ¢ through points in
U x [=6,1 + §] cannot have closure points in (U7 — U’) x [—4,1 + d].

Corollary implies that there exists p > 0 such that B(0,p) x [-0,1+ ] C V§ x I and
F(U —-U") x [-§,146])) CR3\ (B(0, p) x [-6, 1+ d]), where B(0, p) is the ball around 0 € R?
with radius p. Since the flow ¢ of 7 is continuous, we can find p; < p such that when (q,t) €
B(0, p1) x [=9,1 4 9] the flow line (44)(s) stays in B(0, p) x [=9,1+6] for s € [-0 —t,1+ 06 —1].
By continuity of F, let U C U’ be such that F(U x [—6,1 4 8]) € B(0,p1) x [-0,1 +]. Let
(p,t) € U x [—d,146]. Then the flow 9, 4)(s) is mapped to ¥ 4 (s) and since the latter flow
stays in B(0,p) x [~8,1+ 6] for s € [-d —t,1+ 3 —¢t] and (U’ —U’) x [—§, 1+ 4] is mapped to the
complement of B(0, p) x [—6,1+ 4], the flow ¥, 4)(s) can never meet (U’ —U’) x [-§,1+ 6] but
must stay in U’ x [=6,1 + 6] when s € [~ —t,1 + & — t]. Putting Uy = U the above argument
shows that ¢ has a flow ¥(z,y,t,s) in

U={(p.,t,s)| (p.t) €Us x [~0,1+0], s € [~ —t, 1+ — 1]}.

Since U’ can be chosen arbitrarily small, the argument also shows that this flow is continuous
in {0} x (6,14 9).

Since ¢ is a C™~2 vector field in the open set U; x I — X(F) and we have seen that the flow
stays in this set until it meets the closure of U; x I the flow is continuous in this set. Especially
the flow ¥(p, t, s) is continuous when (z,y,t) € Uy x (—9,14+0) —X(F) and s € (—0 —¢, 1+ —1).

We will show that by replacing U, with a smaller neighbourhood Us, we will get a continuous
flow at all points. To this end, let Us C Us C U, be a neighborhhood of 0 of R? such that
when (p,t) € Us x [—6,1 + 0] then ¥, 4)(s) € Uy x [=6,14 6] for s € [-6 —¢,1 + 8 —¢]. (Such
a neighbourhood exists since we have seen that the flow ¢ is continuous in {0} x (=4,1 + 9).)
It remains to see that o is continuous at points (p,t,s) when (p,t) € Us x (=6,1 +d) N M,
and s € (—0 —t,1 + 6 —t). Assume this is not the case. Then there exist such (p,t,s) and a
sequence (pn,tn,sn) — (p,t,s) such that 9, ; (5n) = 9(4)(s). Since the restriction of ¢ is
C"=2 on M and the restriction of the flow therefore is continuous there, we must have (pp,t,) €
Us x (—8,1+6)\ M. Since the flow lines in Uz x [—6, 1+ 4] stay in Uz X [—4, 1+ §], the sequence
O(p,t.)(sn) is contained in the compact subset Uz x [—4, 14-0] and we may therefore assume that
it converges to some point (p,t+s) € Uz x [—4, 1+6]. Since the flow in the source is mapped to the
flow in the target and the flow in the target is continuous, we get that F'(5,t+s) = F (9, 4)(5))-
Since the flow line 9, ) (s) is in M and F|S(F) is 1-1, (Bt +s) € Uz x (—6,1 4+ 6) \ B(F).
Since the flow 9, +)(s) through points (p’, ) in Uy x [—6,1+ 6] stays in Uy x [—6,1+ 6] and can
be defined for s € [0 — 1,149 — ], V(5,11 (—5) is defined. Since the flow ¥ is continuous on
Ui xI\S(F), (pn,tn) = 1979@”,1,",)(%)(_5”) — U(p,4+5)(—s). This implies that ¥ ;14 (—s) = (p, 1)
which is impossible since flow lines in Uy x I \ ¥(F') never meet M. Putting U, := Us we thus
get continuity of the flow ¢ in {(p,¢,s)|(p,t) € Us x (=0,1+6),s € (=5 —t, 14+ 0 —¢)}. O
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When r > 4, we only need to check continuity of the flow ¢ at points in the t-axis, the
remaining cases we treat above will follow automatically from the lemma below.

Lemma 5.4. If r > 4, then (lu,x1 1S o4,

Proof. Let p = (xp,Yyp,tp) € M. Then p is a fold point of ws,, and by Theorem 15A of [15],
there are suitable centered coordinates H around p and K around F(p) such that (u,v,t) =
KoFoH(z,y,z) = (x,y2,t). If we look closely into the proof of this theorem we find that K can
be chosen to be C"~! and H to be C"~3. We know that both ¢ = (¢1,¢?,¢3) and n = (n, 7%, 1)
are tangential on M and ) respectively, and hence, ¢(?(z,0,t) = 7*(u,0,t) = 0. Thus, since K
is C"~! and n is C"~2, we can, in the new coordinates, write n%(u,v,t) = vn/(u,v,t) for some
C™3 function n’. For y # 0, we get from the definition of ¢ that

10 0\ (¢Mazyt) ' (2,97, 1)
DF(z,y,t)C(x7yat) =10 2y 0 CQ(x,y,t) = Z/277/ x7927t)
0 0 1) \(z,y.t) 7’ (z, 9% 1)

From this relation we see that ¢?(z,y,t) = %yn’(m,yQ,t). Because (?(x,0,t) = 0, we see that
the same equation must hold also for y = 0. Hence we can conclude that ¢ is C"~2 in our new
coordinates around p, and since DH is C"~%, ¢ is C"~% in Uy x I where U has been shrinked as

to be contained in F~(V). O

Proof of the sufficiency part of Theorem[2.4 Consider the neighborhood V; of 0 € R? and the
homeomorphisms k; defined on V7, in the beginning of this section. Let 0 < § < € and let U, be
the neighborhood of 0 given in Lemma Since the flow ¥(p, t, s) of the vector field ¢ can be
defined and is continuous for p € Uy, t € (=d,1+ ) and s € (=6 —¢,1 + 6 — t), we can define
hi : Uy — R? by the equation (hs(p),t), = 9(p,0)(t). Since the flow is continuous it is clear that
each h; is a homeomorphism onto its image. Since the flow ¢ is mapped by F' = (wy, t) to the
flow £ in the target, it follows from the definition of k; that wi(h:(p)) = ki(w(p)). For ¢ = 1, this
means precisely that w and w; = w + @ are Ag-equivalent. Since @ was arbitrarily chosen, this
means that w is Ag-sufficient. O

6. REALIZATIONS OF 7-JETS

Every r-jet has a quite well behaved realization in the sense to be made precise below. If an r-
jet fails to satisfy (I) or (IT), then it has another realization with different topological properties.
We use this to prove the necessity part of Theorem [2.2]

6.1. A nice realization of an r-jet. In this section we show that every r-jet has a realization
which has no singular double points and only fold points and regular points outside the origin.
Let w: (R?,0) — (R2,0) be an r-jet.

Lemma 6.1. There is some finite determined smooth germ f with j7f = w.

Proof. This is true because for smooth germs (R?,0) — (R?0), finite determinacy holds in
general. See [0] for details. O

Since f is finitely determined, we can assume that f is a polynomial map. Also, the germ f is
stable outside the origin. From the classification of stable germs we conclude that every singular
point of f|y, is either a fold or a cusp. Moreover the only singular double points occuring are
double points of folds in general positions, which are isolated.

Lemma 6.2. f has no singular double points and only fold points and regular points outside the
origin.
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Proof. Let
C; = {p € R?|p is a cusp point }
and let
Co={peX(f)|3q€X(f), g #p with f(p) = f(9)}.

From the Tarski-Seidenberg Theorem it will follow that both C; and Cs are semialgebraic sets.
Since Cy and C also consists of isolated points, they cannot have 0 in their closure. ([

6.2. Bad realizations.

Lemma 6.3. If (I) fails for an r-jet w € J"(2,2), then there is a a C"-germ g with j7g(0) = w
having a sequence of distinct cusp points converging to the origin.

Proof. If (I) fails for w, then there is a sequence (z,,) converging to 0 and a sequence (L, H,) € T’
such that

1Zo = Lo(@a)ll + || Hn = Ho(@n)|| llzall = o(llza" )
Define a Taylor field Q on S = {0} U (U,,{zn}) with values in R? by @™(0) = 0 for all m and

0, m =0,

Lr - L(@,),  Im| =1,
H" — HLT(I'”), Im| =2,
0, |m| > 3.

Q™ (zn) =

This notation requires some explanation. For instance, let w = (f, ¢g) and

(LTHHTL) = (aﬂnbna e a]n)

Then ) 0
Q(l,O) (xn) — (an — %CL’W‘L Cn — aii(x”))

) 9]
QO e0) = (b0 = gy ) — )
0 f 0%

Q(2’O) (xn) = (2en —

etc. Assuming ||z,41]| < & |lzn|, it is straight forward to verify that @Q is a C"-Whitney field.
Therefore we can find a C" map extending Q. Let h be one such map. Then j7h(0) = 0 and
also

(61) (Lw+h(xn)a Hw—&-h(xn)) - (Lna Hn)~

By construction, j2?(w + h)(x,) € T.

Now it is not hard to see that the set of 2-jets in I" which are transverse to X' is a dense
subset. Recall that whether or not a point is a cusp point is determined by the 3-jet at that
point. It is not hard to see that in the set of 3-jets with a given 2-jet in I' transverse to X!
the subset of 3-jets which are cusps is a dense subset. Therefore we can always suppose that
j2(w+ h)(x,) € T is transverse to X!, and by perturbing the 3-jet if necessary, we can suppose
the j3(w + h)(x,,) are cusps for all n.

(If w + h has singularities appearing along (z,) besides simple cusps, then one can define a
new Whitney field providing a C" perturbation A’ (in fact h’ can be taken to be smooth) with
j"h'(0) = 0 and j2h'(x,) = 0 such that w+ h+h' has only cusps along (z,,). Then g = w+h+h’
is the desired realization of w.) O

w(wn)v 2hy, — @(xn))
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Lemma 6.4. Assume w € J"(2,2) satisfies condition (I), but assume condition (II) fails. Also
assume that X(w) — {0} has N connected components C1,...,Cxn with 0 in their closure all with
distinct oriented tangent directions at 0. Then there is a C"-germ g with j"g(0) = w having a
sequence of singular double points converging to the origin.

Proof. Assume that (II) fails for w and let the sets H; and H, be defined as before. Then we can
find a sequence €, — 0 and sequences of points (x,,) and (y,), both converging to 0 € R?, with
each z, € H;U{0} and y, € H; U{0} i # j where H; and H; are components of H., — {0}such
that (I1) fails for {zp,y,}. Assume first that =, # 0 and y,, # 0. Then

(6.2) d(j'w(wn), B) = o wa ] ™),
for w,, = xp,yn and
(6.3) lw(zn) = w(ya)ll = o((lznl"™" + lgnll"™™") |20 — yall ).

Then, since d(jlw(zy,), %) = o(||@,||" "), using an argument with The Whitney Extension
Theorem (similar to the one given in the proof of Lemma , we can find a representative
@ such that @ has singular points along the sequence {z,}. By the results of Subsection
we can find a homeomorphism h mapping ¥(w) to (&) and therefore points p, € C; such
that h(p,) = x,, and by Lemma we get that ||p, — 2,|| = o(||pn]]). By the same sort
of argument, there is a point ¢, € C; with |lg, — yn|| = o(|lgn]]). We may also assume that
0]l = [|yn]l and ||Zp41]l < % |lynl|. Notice that because our assumption of the tangent directions
of the components C4,...Cy and the estimates above, there exists § > 0 such that for all n,
|z = yall > 6 [|n-

Let K = {0} U, {#n,yn}. For each p € K, let S(p) be the singular matrix closest to Dw(p)
in J1(2,2) and let M(p) = S(p) — Dw(p). It follows from equation that ||M(w,)| =

o(lwn ™) for wy = 2, yn. Define a r-th order Taylor field Q on K with values in R? by

0, p=0

0, P=Yn,m=0
Q"(p) = W(yn) —w(ry), p=a,,m=0.

M™(p), Im| =1

0, |m| > 2

Arguments similar to the arguments in [4] show that @ is a Whitney field on K.

Let h be a C" extension of @ to R? and let g = w + h. Since j"h(0) = 0, g is a realization
of w. For p € K, Dg(p) = Dw(p) + Dh(p) = S(p), so all points of K are singular points. Also
g(yn) = w(yn) + h(yn) = w(yn) and g(xn) = UJ([L’n) + h(mn) = w(xn) + w(yn) - w(xn) = w(yn) =
9(yn), s0 (x,) and (y,) are sequences of singular double points converging to zero. If say y, = 0
for all n we can use the same Whitney field and we obtain a representative of w with singular
zero-points all along the sequence {z,}.

O

Lemma 6.5. If f and g has only regular points and folds outside the origin and there are
homeomorhpisms H and K such that g = K o f o H then X(g) = H 1(3(f)).

Proof. This is clear since regular points and fold points are topologically distinct. O

Lemma 6.6. If r > 2 and f € €,1(2,2) is a cusp, then f is topologically different from regular
germs and fold germs.
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Proof. Since f has fold singularities close to the origin, f is clearly topologically different from
regular germs. To see that f is topologically different from fold germs, notice that the normal
form of a fold implies that the image of a neighbourhood of a fold is not a neighbourhood of its
target point. We prove that f maps every neighbourhood of 0 to a neighbourhood of 0. This
is easily seen from the normal form of a cusp, but to be able to write f in this form, f has to
have a considerable degree of differentiability (see [I5]). Consider j2f(0) as a polynomial map
P(z,y). Then f(x,y) = P(x,y) + o(||(z,y)||*). Since P(z,y) is a cusp, we may change smooth
coordinates and write f(z,y) = (z,zy + ) + o(||(z,y)||?). Example in Section [7| below
shows that (z,zy + y3) is Ag-sufficient in €3(2,2), and hence, f is topologically equivalent to
(z,2y +y*). The conclusion follows. O

Proof of the necessity part of Theorem[2.3. Assume that w € J"(2,2) does not satisfy (I). Let
(zr,) be the sequence in the proof of Lemma Let f be a nice realization of w in the sense of
Section [6.1], and let g be the bad realization of Lemma [6.3

Suppose the germs at 0 of f and g are Agp-equivalent germs. Then we can find germs at 0 of
homeomorphisms H and K such that g = Ko fo H. Let U be a neighbourhood of 0 in which g
and K o f o H coincide and choose U so small that f has only fold points and regular points in
Uy. Choose N so large that € U. Then the germ of g at z and the germ of f at H(zy) are
topologically equivalent. This will however contradict the conclusion of Lemma since zy is
a cusp point of g and H(xy) is either a fold point of f or a regular point of f.

Next, assume that (T) holds and (IT) fails for w, and assume that the oriented tangent directions
of the components C1,...Cn of X(w) \ {0} are all distinct. Let f be as above, but let g be the
realization of Lemma Suppose there exist germs of homeomorphisms H : (R2,0) — (R?,0)
and K : (R?,0) — (R?,0) such that f o H = K o g and let U be a neighbourhood of 0 where
representatives of the germs are equal. If necessary, choose a smaller U such that f has no singular
double points in U. We can find n large enough to ensure that both z,, and y,, are contained in
U. According to Lemmal6.5, H maps X(g) into 3(f). We have that K o g(z,,) = K o g(y,) but
foH(z,) # fo H(y,) because otherwise H(z,) and H(y,) would be singular double points.
This contradiction finishes the proof. O

7. EXAMPLES

Before we give examples of the use of Theorem we prove a proposition which is helpful
when trying to verify that a jet is sufficient. To understand where the inequality in the next
proposition comes from, recall the expression from Section measuring the distance from
(L,H) € J?(2,2) with L singular to the set { (J,K) € J*(2,2)|J =L,(J,K) €T}.

Proposition 7.1. Let w € J"(2,2). Then the Lojasiewicz inequality (I) is implied by the fol-
lowing Lojasiewicz inequality:

There is a neighbourhood U of 0 in R? and a real number C' > 0 such that for all p € U,

(m Dot (370 | > c .

Proof. Assume that (IIT) holds for an r-jet w and that there is a sequence (L, H,) € T" and a
sequence (p,,) of points converging to zero in R? such that (I) does not hold, that is

(71) HLw(pn) - Ln” + HHw(pn) - Hn” ”an = O(HPnllril)
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Let us introduce some notation. Let

(L (pn); Ho(pn)) = (a(pn), b(pn), - -, 3 (pn))
and let
(Lp, Hy) = (any by ooy Gn)-
Finally define (al,,...,j.) by al, = a(pn) — an, b, = b(pn) — Dn, etc. It is easily seen from

that
r—2
1(@h, -5 )l = o(llpall")-
Now, because (L, Hn) r,

n _anin"_b h +Cnfn_dnen - O '

By writing a(p,,) = etc., it is clear that

(a(pn) ( )> ( a(pn)j(Pn) = b(pn)i(pn) — c(Pn)9(Pn) + f(pn)d(pn) )H
c(pn) d(pn) —a(pn)i(pn) + 0(pn)h(pn) + c(pn) f(pn) — d(pn)e(pn)
an, by

¢, d )

anj” - "7“” Cngn + fndn A . r—9
—Qpip + bphy +cpfn —d en> + (B = 0(||pn|| )

nd B contains at least one primed factor. But (III

)
(p
—a(pn)i(pn) + b(pn)h(pn) + c(pn) f(Pn) — d(pn)e )H

because each term of A ) implies that
(a(pn) ( ) < ( ) (pn) - b(pn) (pn) - c(pn) (pn) + f n)
(pn)  d(pn)
> C lpa]"*
so we arrive at a contradiction. Thus (I) must hold and the proof is finished. O

Example 7.2. Let w(z,y) = (2, zy +y* ) for some integer k > 2. For k = 3 this is the normal
form of a cusp. We want to show that w is Ag-sufficient in €;(2,2). A computation gives the

following.
1 0
Dw($>y) - (y T4 kyk—l)

and

Juw(z,y) =z + ky*~ L.
It is clear that the singular set is a single curve tangent to the y-axis at the origin. So, C; =
{z+ky*' =0|y >0} and Cy = {x+ky*~! = 0|y < 0} are the two components of X(w) — {0}.
After some computation, we get that close to the origin we have

ot ()| ) e

Hence, w satisfies (III). By proposition w satisfies (I).
It is more cumbersome to verify (II). Notice that if (z,y) is close enough to the origin and
e > 0 is sufficiently small, then by (3.2]) of Subsection

1, = (@) dw@.9).2) < e @)}
e L) |tz < EEY2 Dot ) )

)| |z +ky* 1 < 24+ V2)ely|* '} = HL.

Let
Hy=H:N{(z,y)|ly20}
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be the two components of H\ {0}. It is enough to verify (II) for pairs of points in Hy U{0}. It
is clear from above that if (x,,,y,) is a sequence in H} converging to 0, then 2k|y, [F~! > |z, | >
§|yn|k’1 provided e > 0 is sufficiently small.

If k is an even number and p = (z,y) € H; and ¢ = (2/,y') € H_, then z and 2’ have
opposite signs and the first component of w becomes dominating and

[w(p) —w(@)l| = ||(z— ', zy +y* — 2"y — )|
> o~

= |z] + |/
L
=5 Yy Y

k—1 k—1
Z ([lpI™ + llal™)
k—1 k—1
= (IpI™ +llall™ ) llp — qll
as long as ||p||, ||¢|| and € are chosen small enough. The same estimate is valid if either p = (0, 0)
or ¢ = (0,0).
If k is odd, then p = (z,y) € H4 and ¢ = (2/,y') € H_ may have nearly equal first compo-

nents, but in this case w separates these points in the second component if the first components
are getting very close. We have

V

lw(p) = w@)ll = [[(z = 2", 2y +y* — 2"y’ —y™")|
> Joy —a'y'| = ly" —y* = lay| + 1"y = " — 1y [*
k
> (51l + )
k k
= C(lpl™ +llall™)
for some C' > 0 as long as ||p||, ||¢|| and € are chosen small enough. If ||p|| > ||q|| > 1/2||p||, then

k k k—1 k—1 1 k—1 k-1
lpl™ +llall™ = Clel™ ™ + g™ ) lall = ZApl™ + lal™) Ip —all,
and if [[g]| < 1/2]|p|[, then

1 1
k k k k—1 k—1 k—1
Ipll™ + llgll™ = lipl™ = 5 1™ llp = all = Z(lpI™ + lal™ ) llp = gl
This shows that w is Ag-sufficient in €p,(2,2) for every integer k£ > 3.
3

Example 7.3. Let w(z,y) = (zy? — 32°, y*). We find
2

222 2¢
Duw(z,y) = (y 0 2yy) ,

Jw(z,y) = 2y(y* — 2°).
Since Y (w) consists of the lines y = 0, y = z and y = —x, the 6 components of X(w) — {0} has
different tangent directions. But since w(x, z) = w(x, —z), (II) of Theorem [2.2| does not hold for
any 7. So w € J"(2,2) is not sufficient in €,(2,2) for any 7.

and

Example 7.4. Let w(z,y) = (zy? — %xs, y? +9%). We find

2 2
Yy - 2xy
DC&J(.’E,y) = ( 0 2y +3y2> )
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and
Jw(z,y) = y(2 + 3y)(y* — 2°).

Since the germ of ¥(w) at 0 consists of the lines y =0, y = z and y = —z, Z(w) — {0} has 6
components which have different tangent directions at the origin. Consider p = p(t) = (¢,¢) and
q=q(t) = (t+1t?,—t —t?). p and q are singular points from different components of ¥(w) — {0}.
We find w(p(t) — w(a(®)] ~ [t1* = o(tF) = o(llp(t) — a@l (lp(®)I” + la(®)|)). This shows
that (II) of Theorem does not hold when 7 = 3, so w is not sufficient in €5)(2,2). However,
regarding w as a jet in J*(2,2), we will show that (I) of Proposition and (II) of Theorem
will hold when r = 4, so w will be sufficient as a 4-jet among C*-realizations.

Let p, = (%, yn) be a sequence converging to (0,0), and assume that p, € H, for any € > 0

when n is large. Then it follows from (3.3) of Subsection [3.1| that Al — Dn . It is
[Dw(pn)ll

enough to consider the following two cases.

Case 1; y, = of|znl). Then [pu| ~ |znl, [Jw(pn)| ~ |yn|$n7 o(|zy|). Since

SO DUt =
| Dw(pn)|| ~ max{z2, |y,|}, we must have || Dw(p,)| ~ =2 and therefore y,, = o( |z,|?).
Case 2; There exists € such that |y,| > €|z,| for all n. Then we get that || Dw(p,)|| ~ |yn| and
therefore
|Jw(pn)‘ ~ |yn| |y721 — x721|
[ Dw (pa)| |Ynl
This will imply that |y,| ~ |zn|, [|pnll ~ |2n| and y, = £ 2, + o(|z,|?).
We will now prove that (I) of Proposition will hold when r = 4. Assume this is not the
case. Then there exist a sequence (p,) in R2, p, — 0, and a sequence (L,, H,) € T such that

3 .
12w (pn) = Lnll + [ Ho(pn) = Hull lpnll = o(|[pa]”). Since

3
=lyn — 22l = o(llpall*)-

Jw(pn)
[Le(pn) = Lull = d(Dw(pn), ) ~ r———<,
[ Dw (pn)|
we must have % = o(|[pn|l*), and from above it follows that we can assume that either

a, by ~
Yn = o(|zn)?) or yn = 2, + 0o(|z,]?). Let L, = (c d ), and put L, = L, — L,(pn) =

= o(||pn||*). Write

n

He,(pn) = (e(pn), f(Pn): 9(Pn)s B(Pn), i(Pn)s 3 (Pn)
= (=Zn, Yn,Tn,0,0,1 4+ 3y,).

L,, — Dw(py). Then ‘ L

Moreover, let C,, = 1 ( %

c = ( ap J pn) by (pn)_cng(pn)+dnf(pn) )
" =@y 1(Pn) + bn h(pn) + cn f(pn) —dne(pn) )

Let C,, = C,, — C,,. Let z, = (L, Hy(pn)) € J%(2,2) and let E, = E,, be the linear subspace
of J?(2,2) defined in Subsection By the estimate (3.9) in Subsection (3.2) we get

0(Hpn||2) = [|Ho(pn) — Hul = H(LmH (Pn)) = (L, Hy)|
(7.2) [[Zn(C)]l
d Lnan n aETL .
> d(( (Pn))s En) ~ TAE

We can write

Ln(én) = Dw(pn)(Cn) + Ln(Cr) + Dw(pn)(én) + Ln(én)
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Assume first that y,, = o(|z,,|?). Then || Dw(p,)(Cy)|| ~ x% and “in(Cn)

’ = 0o(|z,|?). Moreover

= o(z9).

~ 3 ~ -
C, = (0(()|(3§CZ|))> and this implies that HDw(pn)(Cn) = o(|x,[?) and HL"(C”)
Altogether this implies that ||L,,(Cy)|| ~ @ Moreover ||Ly|| ~ || Dy(py)|| ~ 22, so we get that
[ i3

2 7w kan ~ |x,|® which contradicts
n

[[Eccn)

28). From this we get || Ly (Ch)|| ~ |2n|*.

G|
HL H2
again contradicts . Therefore we cannot find a sequence (L,, H,,) contradicting inequality
(I), and (I) must therefore hold when r = 4.

Now let us assume that inequality (II) does not hold . Then there must exist sequences
Pn = (Tn,yn) and ¢, = (up,v,) such that p,, ¢, € He for any € > 0 when n is large, p, € H;
and g, € H; with i # j and lw(pn) — w(an)l| = 0([pn — aal (1l +llanll*)) = o(lpall'+ lanll).
(Note that it will follow from what we have shown above that ||p, — gu|l ~ ([P || + ||¢n|]) when
Pn € Hi, g, € H;j and 7 # j. This also follows from Lemma and the proof of Lemma .
Since we may assume that p,, and g, satisfy Case 1 or Case 2 above, we have to consider several
subcases. Assume first y,, = £, + o(|z,|?) and v,, = +u, + o(|u,|?) and z,, and u, have
different signs. Then

1

1 2 2 3 3
(ny = 5 5) = (v = g ) = S foul® 5 unl® + ol2al) + ofunl") ~ 1pal +

So we cannot have such a pair of sequences violating (II). The case y, = +z,, + o(|z,|?) and
v = o(|u,|?) where x,, and u, have the same sign, can be treated in a similar manner and we
get the same conclusion. Consider the case y, = +z, + o(|z,|?) and v, = o(|u,|*) where x,
and u, have opposite signs. Then

Assume now that y, = +z, + o(x%). In this case ||[Dw(p,)(Cp)| ~ |zn]?,

Furthermore || L, || ~ ||D ()|l ~ |zn| so we get that ”

o(|znl®), = of|zn])

~ |zp|. Since ||pp|| ~ |xn| this

1 1
(znys — 3 ) = (upvi — Zuj)| = |*9€ +3 Un| +o(|aa|!) + of[un|").
If |u,| > 2|x,| the right hand side of the equation above is dominated by the term |2 23 + % u3 | ~
% [t |? ~ ||pn||3 + ||qn||3. If |up| < 2|x,| then v, = o(|z,|?) = o(|yn|?). This implies that.

2 2
(i +yn) — (vn + o)~ [ynl® ~ [Ipall” + llgnll
Therefore we cannot find sequences contradicting (IT) in this case either.

The next case is |y,| = o(|z,|?) and |v,| = o(Ju,|®). Then it is clear that such p,, ¢,
must belong to components H; and H; containing the positive and negative part of the z-axis
respectively, and z,, and u,, must consequently have different signs. Then

1 1 1 1 5 5
243) = (o = 3wl = glanl® + lunl® + ollenl") + olunl") ~ Ipall* + lan]
Thus, (II) cannot fail along such sequences.

The only case left is when y,, = +z,, + o(|2,,|?) and v,, = £ u,, +o(|u,|?) and x,, and u,, have
the same sign. Since p,, and ¢, belong to different H;’s, y,, and v,, must have opposite signs. We
may assume that ,, u,, ¥, > 0 and v, < 0. So x,, = Yy, + o(|y.|?) and u, = —v, + o(|va]?).
Assume that

|(xny72L -

lw(pn) = w(gn) | = o(llpnll* + lgnll*) = o(lynl* + [vnl*).
Let ﬁn = (ynayn) and C]n = (—’Un,’l)n). Then

o (Pn) = w(Bn)ll = o(|ynl*) and [l (gn) = w(@n)ll = o(lval®).
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This implies that,

i i 2 . 2
lw(Bn) — w(Gn)ll ~ |§yi + gvil + g2 + s —vp — v = ollynl* + |onlh).

So we get that

2 + s — 02 — 3| = |yn — Vn| [Yn + Vn + Y2 + Y v + 02| = 0(|yn|* + |va]).

Then since y,, and v, have opposite signs, |y, — vn| ~ |yn| + |vn|, and we get
[Yn + vn + yrQL + Yn Un + v?zl = O(lyn|3 + |Un‘3)-

But since |y2 + yp vn + 02| ~ |yn|? + |vn|? we must then have that |y, +v,| ~ |yn|? + |v,|?. This
will imply that

2 2 2

208+ 2081 = 2 g+ val b2~ yuvn + 021 ~ (gl +loal?)
which gives a contradiction. This proves that in any case, we cannot find a pair of sequences
(pn) and (g,) violating (II). So (II) must hold when r = 4. We conclude that w satisfies the
hypothesis of Theorem and hence is sufficient for r = 4.

8. TOPOLOGICAL TRIVIALIZATION OF 1-PARAMETER FAMILIES OF GERMS

So far we have studied the perturbation of an r-jet z by an arbitrary C" mapping h with
j"h(0) = 0. In particular, we have studied the 1-parameter family of C™ map-germs z + th. In
this section we deal with a somewhat different problem. We are going to consider C" 1-parameter
families ay = (f;, g;) of C” map-germs o : (R?,0) — (R?,0). By this we mean that there exists
aC" map F : U x I — R3 given by F(p,t) = (8:(p),t) such that each f3; is a representative of
the germ ;. (We call such F' a representative of the family.) The techniques we have developed
in the earlier sections can be used to give some sufficient conditions to decide that such a 1-
parameter family of germs can be topological trivialized, i.e. there are 1-parameter families of
homeomorphisms H; and K; such that oy o H; = K; o «p.

Proposition 8.1. Let 7 > 2 and let oy, = (fy, 9¢) : (R%,0) — (R%,0) be a C 1-parameter family
of C" germs from the R? to R2. The following conditions are sufficient for a to be topologically
trivializable:

There exists a representative F': U x I — R3, F(p,t) = (B¢(p),t) having the following properties.
(1) Each Bi|u, has only fold singularities ( recall that Uy =U — {0} .)
(2) F|E(F) 18 1-1.
(3) 1Be(p)Il > 0 for (p,t) € Up x I.
(4) | 5 (0.1) = (0,0, 1)[| = o(11Be(p) ) a5 p — 0.

Proof. The proof of this proposition is very similar to the proof of the sufficiency part of Theorem
We will therefore only sketch this proof refering to the relevant details of that proof.
Property 1 above ensures that M = X(Fp) is a C"~! submanifold of R? and that F|sg,) is
an immersion. Together with property 2 this also makes N = F(M) a C"~! submanifold,
completely analogous to Lemma [£.13] Now we can define a vector field w on N by

w(F(p,t)) = DFgy (?) - (?)

which will be tangent to N because F' has rank 2 at every point of M. Also define w(0,0,t) =
(0,0,1). This gives a vector field on all of F(X(F')). Property 4 guarantees us that w satisfies
Kuo’s condition. Indeed, the situation is exactly the same as for the vector field u on € in
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Section |5} Recall the technique we used to extend u to all of the target. We can use the same
technique to extend w to a vector field 1 defined on some open neighbourhood V' x I of {0} x I
in the target, and as in Lemma [5.1| we get

l14(g: t) = X[ = o([lg})-

Thus we can integrate p and get a continuous flow 6(g,t) defined on V' x I. The vector field p
is C"~2 outside the t-axis, just like the vector fields n and ¢ of earlier sections.

The next step is to define a corresponding vector field v on the source. This is defined to
be the unique vector field whose restriction to M is a tangent vector field and which is mapped
onto p under DF. We can now use the same arguments as in the proof of Lemma[5.3] to see that
v has a continuous flow. Let U’ be a neighborhood of 0 in the source such that U’ C U cU.
Then property 4 give us that if J is a compact interval with J C I, then F(U/ —U')yx Jis
bounded away from {0} x I. Using this we can use the continuous flow 6(g,t) in the target to
control the flow in the source, and we can argue exactly as in Lemma [5.3] to obtain the existence
and continuity of the flow of v. The flows of i and v induce the required homeomorphisms, and
the proof is finished. Il
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