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SINGULARITIES OF TANGENT VARIETIES TO CURVES AND SURFACES

GOO ISHIKAWA

ABsTRACT. It is given the diffeomorphism classification on generic singularities of tangent
varieties to curves with arbitrary codimension in a projective space. The generic classifica-
tions are performed in terms of certain geometric structures and differential systems on flag
manifolds, via several techniques in differentiable algebra. It is provided also the generic dif-
feomorphism classification of singularities on tangent varieties to contact-integral curves in
the standard contact projective space. Moreover we give basic results on the classification of
singularities of tangent varieties to generic surfaces and Legendre surfaces.

1. INTRODUCTION

Embedded tangent spaces to a submanifold draw a variety in the ambient space, which is
called the tangent variety to the submanifold. Tangent varieties appear in various geometric
problems and applications naturally. See for instance [1][10][6]. Developable surfaces, varieties
with degenerate Gauss mapping and varieties with degenerate projective dual are obtained by
tangent varieties. Tangent varieties provide several important examples of non-isolated singu-
larities in applications of geometry. We observe relations of tangent varieties to invariant theory
and geometric theory of differential equations (see [29], also see Examples 2.7 and 9.1).

It is known, in the three dimensional Euclidean space, that the tangent variety (tangent
developable) to a generic space curve has singularities each of which is locally diffeomorphic to
the cuspidal edge or to the folded umbrella (cuspidal cross cap), as is found by Cayley and Cleave
[9]. Cuspidal edge singularities appear along ordinary points, while the folded umbrella appears
at an isolated point of zero torsion [6][35].

The classification was generalised to more degenerate cases by Mond [32][33] and Scherbak
[38][4] and applied to various geometry (see for instance [8][24]). If we consider a curve together
with its osculating framings, we are led to the classification of tangent varieties to generic oscu-
lating framed curves, possibly with singularities in themselves, in the three dimensional space.
Then the list consists of 4 singularities: cuspidal edge, folded umbrella and moreover swallowtail
and Mond surface (‘cuspidal beak to beak’) [20]. However the author could not find any literature
treating the classification of singularities appearing in tangent varieties to higher codimensional
curves.

The diffeomorphism types of tangent varieties to curves are invariant under projective trans-
formations. In this paper, we consider curves in projective spaces and show the classification
results on generic singularities of tangent varieties to curves with arbitrary codimension in pro-
jective spaces.

The tangent variety can be defined for a ‘frontal’ variety. A frontal variety has the well-defined
embedded tangent space at each point, even where the variety is singular. In Cauchy problem
of single unknown function, we have wave-front sets, which are singular hypersurfaces [3]. They
are called fronts and form an important class of frontal varieties. Also higher codimensional
wave-fronts are examples of frontal varieties, which appear in, for instance, Cauchy problem of
several unknown functions, where initial submanifolds of arbitrary codimension evolve to frontal
varieties (cf. [13][26]).
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First, in §2, we introduce the notion of frontal maps and frontal varieties, generalising that
of submanifolds and fronts (Definition 2.1). Moreover we define their tangent maps and tangent
varieties (Definition 2.2). Then we give the classification of tangent varieties to generic curves
in projective spaces (Theorem 2.6). In fact we find that the tangent variety to a generic curve
in RPNV has the unique singularity, the higher codimensional cuspidal edge, if N +1 > 4.

In the geometric theory of curves, however, we usually treat not just curves but we attach
an appropriate frame with curves. Thus, to solve the generic classification problem properly, we
relate the study of tangent varieties to certain kinds of differential systems on appropriate flag
manifolds in §3. Note that the method was initiated by Arnol’d and Scherbak [38]. Also note
that it is standard to use flag manifolds in the theory of space curves ([40]). We can utilise various
types of flag manifolds. In fact, in this paper, we select three kinds of flag manifolds and three
kinds of differential systems, correspondingly to the classes of curves endowed with osculating-
frames, with tangent-frames and with tangent-principal-normal-frames. Then we present the
classification results on the singularities of which generically appear for these three kinds of
classes of curves in projective spaces (Theorems 3.3, 3.4, 3.6).

In §4, the notion of types of curve-germs are recalled. Curves of finite type are frontal and
their tangent varieties are frontal. We classify the generic types of curves, and then we show a
kind of determinacy of the tangent variety for each generic type of curves.

In §5, we classify the list of types of generic curves satisfying geometric conditions. To do
this, we establish the codimension formulae giving the codimension of the set of curves, for given
type, which satisfy a given geometric integrality condition in each case. Then the transversality
theorem implies the restriction on types of generic curves.

In §6, we introduce the key notion of openings of differentiable map-germs, which has close
relations with that of frontal varieties. We collect necessary results on differentiable algebras
to solve the generic classification problems treated in this paper. Moreover, in §7, using the
method of differentiable algebra, we show the normal forms of tangent varieties appearing in the
generic classification problems we have treated in this paper. In particular the main results in
this paper, Theorems 2.6, 3.3, 3.4 and 3.6 are proved.

In §8, we treat contact-integral curves and their tangent varieties. If V' is a symplectic vector
space, then the projective space P(V) has the canonical contact structure. Then we give the
generic diffeomorphism classification of singularities on tangent varieties to ‘osculating framed
contact-integral’ curves in P(V') (Theorems 8.5, 8.6). For this, in particular, we show that the
diffeomorphism type of Tan(y) is unique for a curve of type (1,3,4,6) in RP* in this paper.
Note that it is known that the diffeomorphism type of TanTan(v) is not unique ([18]).

In §9, we treat the classification problem of singularities of tangent varieties to surfaces,
exhibiting several examples and observations. First we observe that the tangent varieties to
generic smooth surfaces are not frontal. We characterise the class of surfaces whose tangent
varieties are frontal. In particular we show that the tangent varieties to Legendre submanifolds
in the five dimensional standard contact projective space P(R®) = RP? are frontal, if the tangent
variety has a dense regular set. Recall that the singularity of tangent variety to a curve along
ordinary points is the cuspidal edge. Therefore the singularity of tangent variety at almost any
point on a curve is diffeomorphic to cuspidal edge, which is a generic singularity of wave front.
We study the analogous problem for tangent varieties to Legendre surfaces. Then we observe
that the situation becomes absolutely different. In fact we introduce the notion of hyperbolic
and elliptic ordinary points on Legendre surface in RP® and show that the transverse section of
the tangent variety to the surface, by a 3-plane, has Dy-singularities (Theorem 9.5).

In the last section §10, we collect open problems related to several results obtained in this

paper.
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In this paper all manifolds and maps are assumed to be of class C'°° unless otherwise stated.

2. FRONTAL MAPS AND TANGENT VARIETIES.

Definition 2.1. Let NV and M be manifolds of dimension n and m respectively. Suppose n < m.
A mapping f: N™ — M™ is called frontal if
(i) the regular locus

Reg(f)={z e N | f:(N,x) — (M, f(z)) is an immersion}

of f is dense in N and B
(ii) there exists a C°° mapping f : N — Gr(n, TM) = U, ¢ Gr(n, T, M) satisfying

f(x):f*(TzN)7 for z € Reg(f).

Here Gr(n, T, M) is the Grassmannian of n-planes in T, M. Note that the lifting £ is uniquely
determined if it exists and is called the Grassmannian lifting of f.
We define a subbundle C C T'Gr(n, T M) by setting, for v € Ty Gr(n,TM),L € T, M,

veCp <= m(v)e LCT,M.

The differential system C is called the canonical differential system. The Grassmannian lifting f
is a C-integral map, that is, ﬁ(TN ) C C. We describe the canonical system in the next section
(Remark 3.7) in the case M is a projective space.

If f is an immersion, then f is frontal. A wave-front hypersurface is frontal. The key observa-
tion for the classification of singularities of tangent varieties is that the tangent variety Tan(y)
to a curve 7 of finite type is frontal. The lifting Grassmannian is obtained by taking osculating
planes to the curves (See §4). If n = m, then f is frontal if the condition (i) is fulfilled, f(x)
beingNTf(I)Rm.

If f is an immersion, then the frontal mapping is called a front. In [17], we called a frontal
hypersurface (m = £+ 1), a “front hypersurface". However we would like to reserve the notion
“front" for the case that the Grassmannian lifting is an immersion, as in the Legendre singularity
theory. Note that frontal maps are studied also in [28][27][37].

Definition 2.2. Let f: (R",a) — (R™,b),n < m be a frontal map-germ and
f:(R",a) = Gr(n, TR™) = R™ x Gr(n, R™)

be the Grassmannian lifting of f.
A tangent frame to f means a system of vector fields v1,...,v, : (R",a) - TR™ along f

such that vi(z),...,v,(x) form a basis of f(z) C T R™. Then the tangent map Tan(f,v) :
(R, (a,0)) — (R™,b) is defined by

Tan(f,v)(s,z) := f(z) + Z $:05 ().
i=1
If we choose another tangent frame wuq,...,u, of f and define
Tan(f,u)(s,2) = f(2) + Y siui().
i=1

Then Tan(f,u) and Tan(f,v) are right-equivalent. Therefore the tangent variety Tan(f) to a
frontal map-germ is uniquely determined as a parametrised variety.
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For a frontal map-germ f : (R",0) — RPY*! in a projective space we define the tangent map
Tan(f) : (R™,0) — RPN*! by taking a local projective coordinate (RPN *1 £(0)) — (RV*1,0)
(cf. §4).

Remark 2.3. In this paper we treat only tangent varieties, which are closely related to the
secant varieties. The secant variety of a submanifold S C RP™ is the ruled variety obtained
by taking the union of secants connecting two distinct points on S and by taking its closure
([41][12]). See also Example 9.1. The secant variety is parametrised by the ‘secant map’ and
the tangent map is the ‘boundary’ of secant map in some sense. For the singularities of secant
maps, see [14].

Let v : (R,0) — RPN *! be a germ of immersion and (t) = (z1(t), 2(t),...,2n11(t)) be a
local representation of 4. Then ~/(t) gives the tangent frame of . Then the tangent variety to
7 is given by Tan(v) : (R%,0) — RN+ defined by

Tan(y)(s, 1) = () + 7'(t) = (i(t) + s 25(1))1<ic v -

Note that s is the parameter of tangent lines, while ¢ is the parameter of the original curve ~.

If ¢t = 0 is a singular point of ~, then the velocity vector 7/(0) = 0, and hence the above
map-germ does not give the parametrisation of the tangent variety. However if there is & > 0
such that v(t) = (1/t*)7/(t) is a tangent frame of ~, then we set

Ton()(s.0) = 5(0) 45 ( 7/ (0)) = (s0) 45 (ix?@))l%w .

We take £ = 0 when v is an immersion at 0.
In the above case, = is frontal and under a mild condition Tan(v) is also frontal.

Theorem 2.4. Let v : (R,0) — RPN be a curve of finite type (§4). Then ~y is frontal.
Moreover the tangent map Tan(y) : (R?,0) — RPN of v is frontal.

Theorem 2.4 is proved in §4.

Remark 2.5. Let v be a curve of finite type. Then it is natural to ask what Tan(Tan(vy)) is,
because Tan(7) is frontal. For a curve v in RPNY+!1 N > 2. the tangent plane to Tan(y) along
each ruling (tangent line) is constant, that is the osculating 2-plane. Therefore Tan(Tan(y)) is
a 3-fold, not a 4-fold, ruled by osculating 2-planes of the original curve « ([18]).

We classify the map-germ Tan(v) by local right-left diffeomorphism equivalence. Two map-
germs f : (N,a) — (M,b) and f' : (N';a’) — (M',V') are called diffeomorphic or right- left
equivalent if there exist diffecomorphism-germs o : (N,a) — (N',a') and 7 : (M,b) — (M', V)
such that ffooc =710 f.

In the followings, I is an open interval.

Theorem 2.6. (1) ([9]) For a generic curve v : I — RP3 in C>-topology, the curve v is of
finite type at each point in I and the tangent variety Tan(vy) to v at each point in I is locally
diffeomorphic to the cuspidal edge or to the folded umbrella (cuspidal cross cap).

(2) Let N +1 > 4. For a generic curve vy : I — RPNT! in C>-topology, the curve v is of
finite type at each point in I and the tangent variety Tan(vy) to v at each point of I is locally
diffeomorphic to the cuspidal edge.

The genericity means the existence of an open dense subset O C C*(I, RPV*1) such that
any v € O satisfies the consequence.
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The cuspidal edge is parametrised by the map-germ (R?,0) — (RNT10), (N +1 > 3) defined
by

(u,x) = (u, 2%, 23, 0,..., 0).
Note that it is diffeomorphic (right-left equivalent) to the germ
(t,s) = (t+s, t2 4 2st, t3+3st2, ..., tN T4 (N 4 1)st)),

and also to
(t,s) — (t+s, t2 +2st, t3+3st> 0,..., 0),
A folded umbrella is parametrised by the germ (R2,0) — (R?,0) defined by
(t,s) — (t + 5,12 + 2st, t* + 4st®),
which is diffeomorphic to

1 1
(u, ) — (u, 2%+ ux, 5;164 + gux?’).

A folded umbrella is often called a cuspidal cross cap.

{V

FIGURE 1. cuspidal edge and folded umbrella.

Theorem 2.6 is proved in §7.
Example 2.7. (umbilical bracelet) Let
yN+2 {aoxNH +azNy 4+ +anzy + aNHyNH} ~ RN T2

be the space of homogeneous polynomials of degree N + 1 in two variables x,y. The polynomials
with zeros of multiplicity N + 1 form a curve C in P(V) = RPN+, The tangent variety Tan(C)
to C coincides with the set of polynomials with zeros of multiplicity > N. The surface Tan(C')
has cuspidal edge singularities along C. In particular in the case N + 1 = 3, the tangent variety
Tan(C) to C is called the umbilical bracelet([35][11]). If N 4+ 1 > 4, Tan(Tan(C)) C P(VN*2)
coincides with of polynomials with with zeros of multiplicity > N — 1.

Remark 2.8. The tangent surface to a curve is obtained as a union of strata of envelope
generated by the dual curve to the original curve. The generating family associated to the dual
curve is determined, up to parametrised K-equivalence in several cases. We recall the notion of
types of curves in a projective space in §4. If the type A = (ay,...,an1) of a curve in RPV+!
is one of followings

Dy, : (L,2,...,NN+r), (r=0,1,2,...),

My, = (L,2,...,4,i4+2,..., N+1,N+2), (0<i<N-—1),

Iy : (3.4,...,N+2,N+3),
then the generating family is determined by the type of the curve [16]. In each case, a normal
form of the tangent variety can be obtained from the generating family

F(t,l‘) = ONFL o pONHITAL oo INFLTO2 o Nt ONHLTON Loy =0,
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by solving

oF oN-1Fp
o, ..., T,
ot otN—1

deleting the divisor {t = 0} if necessary. For example, for the type (II);, : (1,2,4,5), we have
generating family

F=0,

F(t,z) = t° + ot* 4+ 2ot + 23t + 4.
Then the tangent variety is obtained by solving

t° + ot aotd + a3t + 24 =0,
5t + 4.Z‘1t3 + 3$2t2 +x3 =0,
2013 + 122112 + 69t = 0.

In fact, from these equations, we get a map-germ (R?,0) — (R*,0) by

10 8
To = —§t2 - Qxlt; r3 = 5t4 + Qxltgv Ty = _§t5 - x1t47

which is diffeomorphic to the open folded umbrella (see Theorems 3.6, 7.2).

3. DIFFERENTIAL SYSTEMS ON FLAG MANIFOLDS.

First we recall the flag manifolds and the canonical differential systems on flag manifolds. For
the generality on differential systems, see [23].

Let V be a vector space of dimension n and 0 < n; < ng < --- < ny < n. Then we define the
flag manifold

F=Fnimorme(V) i={Vo, CViy C--- C Vo, CV | dim(Vy,) =0y, (1< j < 0)}.
Note that
dim(F) =ni(n—n1) + (ne —n1)(n —ng) + -+ + (ng — ne—1)(n — ng).

Denote by m; : Fuy.ng,...n, (V) = Gr(n;, V) the canonical projection to the i-th member of the
flag. The canonical differential system C = Cp,, n,,....n, C T'F is defined by, for v € T, F,V € F,

v € Cy <= 7, (v) € TGr(n;, Vy, , )(C TGr(n;, V), (1 <i <4 —1).
Then C is a bracket-generating (completely non-integrable) subbundle of T'F with
rank(C) = ni(ne —n1) + (ne —n1)(ng —n2) + -+ + (ng — ne_1)(n — ny).

A C* curve I' : I — F from an open interval I is called a C-integral curve if I'(t) € Cp(y) for
any t € I. A C-integral curve can be phrased as a C'°°-family

() = (Vs (8), Voo (), -5 Vi, (1))

of flags in F such that each V,,, (t) moves along V,,,., (t) at every moment infinitesimally.

Let V be an (NN + 2)-dimensional vector space. For the study of tangent varieties to curves,
it is natural to regard the following flag manifolds

Firo=F12(V):={Vi C Vo CV |dim(V;) =i},
and
]:17273 = ]:1,273(‘/) = {Vl cVoCcVaCV | dlm(V;) = Z}
The canonical systems 7 = C; 2 and N = C; 2 3 are defined as follows: For (Vi,V5) € Fi o,
v € Ty, i) <= m1.(v) € TP(Va)(C TP(V)).
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For (V1,V2,V3) € Fia3,
w € Novy vy, vy) <= T (w) € TP(Va)(C TP(V)), ma.(w) € TGr(2,V3)(C TGr(2,V)).
Then we have

Proposition 3.1. Let v : (R,0) — P(VN*2) =2 RPNt be o C* curve. Suppose Reg(y)
is dense in (R,0). Then ~y is frontal if and only if v = 7 o ¢ for some Cy o-integral curve
C: (R, O) — ]:1,2(‘/).

In fact ¢ gives a tangent frame of . In this case, v is called tangent-framed.

Proposition 3.2. Letv : (R,0) — P(VN*+2) =2 RPN+ be q frontal curve. Suppose Reg(Tan(v))
is dense in (R?,0). Then Tan(v) is frontal if and only if v = w1 ok for some Cy 2 3-integral curve
K : (R, 0) — ]'-17273(‘/).

In fact, if Tan(vy) is frontal, then V4 (t) = ~(¢), the tangent (projective) line V5(t) to v at ¢t and
the tangent (projective) plane to Tan(vy) at (¢,0) form a C; o 3-integral lifting of . Conversely if
c(t) = (Vi(t), Va(t), V3(t)) is a Cq 2 3-integral curve, then Tan(vy) has the constant tangent plane
V3(t) along each ruling, and (t, s) = Ty, () P(V3)(t) gives the Grassmannian lifting of Tan(y).

The projection of a C; 2 3-integral curve is called a tangent-principal-nomal-framed curve.

Theorem 3.3. (1) Let N + 1 = 3. For a generic Cy a-integral curve ¢ : I — Fy2(V*4) in C-
topology, the tangent variety Tan(y) to the tangent-framed curve y = i oc: I — P(V*) = RP3
at each point is locally diffeomorphic to the cuspidal edge, the folded umbrella or the swallowtail.

(2) Let N +1 > 4. For a generic Cy o-integral curve ¢ : I — Fy 2(VNT2) in C>-topology, the
tangent variety Tan(y) to the tangent-framed curve v = myoc: I — P(V) = RPN*L at each
point is locally diffeomorphic to the cuspidal edge or the open swallowtail.

The swallowtail (R?,0) — (R3,0) is given by

(t,s) = (2 +2s, t3 + 3st, t* 4 4st?),

which is diffeomorphic to

3 1
(u, ) = (u, 2° +ux, So* + —ux?).

4 2
The open swallowtail (R%,0) — (RN+1,0), N +1 > 4 is given by
(t,s) = (2 +2s, t3 + 3st, t* 4+ 4st?, t° +5st3, 0, ..., 0),
which is diffeomorphic to
3 1 3 1
(u, ) — (u, 2° +uzx, 13:4 + iuxz, gxs + guxg, 0, ..., 0).

Theorem 3.4. (1) Let N +1 = 3. For a generic Cy23-integral curve k : I — .7-"172,3(‘/4)
in O -topology, the tangent variety Tan(y) to the tangent-principal-normal-framed curve v =
mok: I — P(V*) =RP? at each point is locally diffeomorphic to the cuspidal edge, the folded
umbrella, the Mond surface or the swallowtail.

(2) Let N +1 > 4. For a generic Cy 2 3-integral curve k : I — Fy 2 3(VNT2) in C>-topology,
the tangent variety Tan(y) to the tangent-principal-normal-framed curve v = myok : I — P(V) =
RPN at each point is locally diffeomorphic to the cuspidal edge, the open Mond surface or the
open swallowtail.

The Mond surface (R?,0) — (R?,0) is given by
(t+s, t3 4 3st?, t* + 4st?),
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which is diffeomorphic to
(u, ) — (u, 2%+ ux?, zx‘l + %ux?’))

The Mond surface is called also cuspidal beaks ([25]) or cuspidal beak to beak (‘bec a bec’).
The open Mond surface (R?,0) — (RV*1,0), N +1 > 4 is given by

,8) — (t+ s, + 3st”, + 4st”, +ost, 0, ..., 0),

t t 3+ 3st?, t* +4st, 7 + 5st, 0 0
3 2 3 1

(u, ) — (u, 2° + ux?, 1x4+gum3, gx5+§ux4, 0, ..., 0).

Now we recall on osculating-framed curves (cf. [20]). Let V' be an (N + 2)-dimensional real
vector space. Consider the complete flag manifold:

F=Fig. . nt1(V)i={ViCcVoC- - Vyu CV |dim(V;) =4,1 <i<N+1}

Then dim F = w We denote by m; : F — Gr(4, V') the canonical projection

7T,'(V1, VQ, ey VN+1) = Vz
The canonical system C = Cy2,... n4+1 C TF is defined by

v € Cw,., — 7;,.(v) € TGr(i, Vi1 )(C TGr(i,V)), (1 <i < N).

VN41)

For a C* curve v : I — P(V) = RPN*1 if we consider Frenet-Serret frame, or the os-
culating projective moving frame, I' = (eo(t),e1(t),...,en11(t)) : I — GL(RN*2) = GL(N +
2,R), v(t) = [eo(t)], then, setting V;(t) := (eo(t),e1(t),...,ei-1(t))r, (1 < i < N+ 1), we
have a C-integral lifting ¥ : I — F of v for the projection m; : F — P(V), by F(t) =
(Vi(t), Va(t),...,VN41(t)). In this case, v is called osculating-framed. Note that the framing
of an osculating-framed curve is uniquely determined if an orientation of the curve and a metric
on P(V) are given.

Theorem 3.5. (|20]) Let N + 1 = 3. For a generic C-integral curve ¢ : I — F(V*) in C°°-
topology, the tangent variety Tan(y) to the osculating-framed curve v = moc: I — P(V4) =
RP3 at each point of I is locally diffeomorphic to the cuspidal edge, the folded umbrella, the
swallowtail or to the Mond surface (Figure 2).

V

FIGURE 2. cuspidal edge, folded umbrella, swallowtail and Mond surface in R3.

In this paper we treat higher codimensional cases, and we show the following

Theorem 3.6. Let N + 1 > 4. For a generic C-integral curve ¢ : I — F in C*>-topology, the
tangent variety to the osculating-framed curve v = myoc: I — P(VN*2) = RPN+ at each
point is locally diffeomorphic to the cuspidal edge, the open folded umbrella (cuspidal non-cross
cap), the open swallowtail or to the open Mond surface (Figure 3).
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The open folded umbrella (R?,0) — (RN*1,0), N > 3 is given by
(t,s) > (t+s, t2 + 2st, t* +4st®, t° 4 5st*, 0, ..., 0),
which is diffeomorphic to

1 1 2 1
(u, ) = (u, 2%+ uz, §x4—|—§ux3, 51:5—1— Zux‘l, 0, ..., 0).

FIGURE 3. cuspidal edge, open folded umbrella, open swallowtail and open
Mond surface in R*.

Our main results, Theorems 3.3, 3.4, 3.6 are proved in §7.

Lastly in this section, we describe the canonical system C =Cy 2. x+1 on Fio,. k+1(VN+2).
Let V; = (%1,V21,...,Vk+1’1) € .7:172"_,’k+1(VN+2). Fix a ﬂag YyN+2 5 WN+1 > Wy D
Wn—j+1 such that Wy _; .1 NV 1 = {0}, 4 =0,1,...,k. Take the open neighbourhood U of
V1 defined by

U:={(V1,Va,...,Viq1) € Fro k1 (VI | Wy_is1 NVigr = {0}, i =0,1,...,k}.
Take non-zero vectors eg € Vi1,e1 € Vor N Why1,e0 € Va1 N Wiy, ..., e € Vier11 N W _k1o.
Adding a basis (ex+1,.-.,en+1) of Wn_rt1, we get a basis (eg, e1,€2, ..., €k, €kt1,.--,€N+1) Of

V. Then, for each V. = (V1,Va,...,Vi41), Vi has a basis vg, v1,...,v;—1 (a ‘moving frame’) of

the form
N+1

v; = e; + Z J:jiej, 0<i<k.
Jj=i+1
Then the condition that a curve in Fj o . kH(VN“) C-integral is equivalent to that the com-
ponents of the curve satisfies the conditions
N+1
(’Uifl)/ = Z ([L'jlil)lej S <’00,’l)1, A ;'Ui>517 1<:i< k.
j=i
Thus we see that the differential system C = Cy 2. 41 is defined by
de ™' —zide, 7 =0, (1<i<ki+1<j<NH+1),

J J
: i N+2
for the system of local coordinates (xj )ng‘Sk,z'+1§j§N+1 of Fio,. k+1(V ).

Remark 3.7. For a (N+2)-dimensional vector space V, the Grassmannian bundle Gr(n, TP(VN*2))
over P(VN*2) is identified with the flag manifold Fy ,, 1 (VV+2),
Fin1(VVT2) ={V} € Vopy < VT2 | dim(V}) = 1,dim(V,, 1) = n + 1}

Remark that the Grassmannian liftings of frontal maps N® — P(VN+2) are C-integral of the
canonical system C = Cy 511.
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The canonical system Cj 41 on Fq n11(VVT2) is locally given by

leildfc =0, (n<i<N),

for a system of local coordinates ;9 , (0 < i < N), 14‘—17 (1 <j<n,n<i<N). The projection
71 : Gr(n, TP(VN*2)) — P(VN*2) is represented by (z, o xl\?_H) If we write z; = 2,0 (1 <
i<n)yp ==z, (1<k<N-n+1)andp' ==z, (1 k<N—n—|—1,1§i§n),thenwe
have

dys — Y pide; =0, 1<k<N-n+l
i=1
Therefore the condition that a map F : L™ — Gr(n, TP(VN*2)) is C-integral is expressed by

d(y o F) — ZpkOF (r;0F)=0, 1<k<N-n+1.
=1

4. TYPE OF A CURVE IN A SPACE WITH FLAT PROJECTIVE STRUCTURE.

Let M be an m-dimensional C'°° manifold. A flat projective structure on M is given by
an atlas {(Ua, @)} where M = |J, Uas ¢a : Us = ©a(Us) € R™, and transition functions
0po0nt 1 0a(UaNUg) — ©3(UsNUp) are fractional linear with a common denominator. Then an
admissible chart is called a system of projective local coordinates. The projective space P(V™+1)
for a vector space V™ *! has the canonical flat projective structure. Also Grassmannians and
Lagrange Grassmannians have flat projective structures (cf. [22]).

Let v : I — M be a C*°-curve in a manifold M with a flat projective structure. Take a system
of projective local coordinates (1, X2, ..., T ) centred at v(¢o) and the local affine representation
(R,to) = (R™,0),

(1) =T (@1 (t), z2(8), - .- 2 (t))

of 4. Consider the (m x k)-matrix

Wi(t) = (7 (to). 7" (t0), -+ vV (t0))

for any integer k > 1 and k = co. Note that the rank of Wy (to) is independent of the choice on
representations for +.

Definition 4.1. We call v of finite type at t = tg € I if the (m X oo)-matrix

Walto) = (7 (to), 7" (ko). -+, 1M (to), -+ )
is of rank m. Define, for 1 < i < m, a; := min {k | rank Wy (o) = ¢} . Then we have a sequence
of natural numbers 1 < ay < as < -+ < an,, and we call v of type (a1,as,...,a,) at t =tg € I.

If (a1,a2,...,am) = (1,2,...,m), then t =ty is called an ordinary point of ~.
It is easy to see

Lemma 4.2. A curve-germ v : (R,0) — M in a manifold M with a flat projective structure,
is of type (a1, aa,...,am) at 0 if and only if there exists a system of projective local coordinates
(1,2, ..., %) centred at ¥(0) such that

x1(t) =t +o(t™), xa(t) =t* +o(t*?), ..., Ty (t) =t* + o(t*™).
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Lemma 4.3. Let v : (R,0) — P(RY*2) = RPN*! be a curve and 5 : (R,0) — RNT2\ {0} be
a lifting of 7. Set W (t) = (3(1),7'(8),--- ;77 (t)). Then v is of type A = (a1, az,...,an+1) if
and only if a; = min{r | rank W,.(tg) =i+ 1},1 <i < N + 1.

Moreover we see

Lemma 4.4. Let v : (R,0) — P(RY*2) = RPN+ q curve of finite type. There is unique
Ci,2,3... n+1-integral C* lifting T' : (R,0) — ]:172,37.__,N+1(RN+2) of v. Moreover by the pro-
jection of T', we have Cy 2 3-integral lifting k : (R,0) — Fi23(RNTY) and Cy 2-integral lifting
c: (R,0) = F12(RNTL) of 4.

Proof: The first half is proved in [20] (Lemma 6.1). We take the lifting 7 : (R,0) — RV*+2\ {0}
defined by
F) = T (1, £+ o(t™), 192 + o(t™), .., 9% 4 o(taN+1)).
of 4. Consider the (N 4 2) x (N + 2)-matrix
1 1
A = (30, 270 7).
ai.

b
aAN+1-

Let V;i(t) be the linear subspace of RV*2 generated by the first i- columns of A(t). Then
I':(R,0) = Fias.. ~+1(RYT2) is uniquely determined by T'(t) = (Vi(t), Va(t),. .., Va+1(t)).
The lower triangle components of A(t) give the local representation of I', therefore I' is C*°.
Moreover (t) = (Vi(t), Va(t), Va(t)) and c(t) = (Vi(t), Va(t)). O

Proof of Theorem 2.4 : Theorem 2.4 follows from Lemma 4.4 and Proposition 3.2. Here we give
concretely the Grassmannian lifting of Tan(v) in term of Wronskian.
Lemma 4.5. Let v : (R,0) — RPY*! be a curve-germ of type (a1, as,...,any1) and
V() = (@1(t), 2(t), ..., wn4 (1))
be a local affine representation of v. Then the tangent variety to v is parametrised by

LIV SR B
f(s,t) = Tan(y)(s,t) == y(t) + s wv (t) = ( i(t) + () z(t)> rcieni ;

where a(t) = tm 1. We set fi(s,t) = z;(t) + %x;(t) Then we have
o
Wia Wi
df1 + dfs.
Wi If1 Wi If2
Here
i (t) (¢
-] 50 40
i J

Proof: We have

Then we have
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Therefore we have, for 3 <i <n+ 1,

SN
. PN A
dfy = dfi, d ; 2\
! sWis (dfs, dfz) ) —s (h)/ ! x4 s (E)
Wia Wi
= dfi + dfs.
Wi if1 Wi if2
O
Wia

Wy . .
and —— are C'*° functions on ¢ of order a; —a1, a; —as respectively.
12 12

The above formula gives the Grassmannian lifting f : (R2,0) — Gr(2, TRV 1) of f = Tan(y).

Remark 4.7. If we set g : (R%,0) — (R%,0), g(s,t) = (fi(s,t), fa(s,t)). Then we have that
fa,..., fn+1 € Ry and that f is an opening of g in the sense of §6.

Remark 4.6. Note that

5. CODIMENSION FORMULAE AND THE GENERICITY.

We consider the jet space J"(I, RPY*1). Let A = (a1,as,...,an,any1) be a strictly in-
creasing sequence of positive integers. For r > an 11, we define

Y(A) = {j™y(to) | to € I,y : (I,tg) — RPN is of type A at to}.

Theorem 5.1. ([38]) 2(A) is a semi-algebraic submanifold of codimension zi]\il(ai —1) in the
jet space J" (I, RPN*1).

Proof: Let J"(1,N + 1) be the fibre of the projection 7 : J"(I, RPY*1) — I x RPN*!. Then
J"(1,N + 1) is identified with the space RWTD" of (N + 1) x r-matrices. Then there exists
an affine subspace A ¢ RW*D" such that ¥(A) is an image of the polynomial embedding
GL(N + 1,R) x A — RWHD" defined by (A, W) — AW for A € GL(N + 1,R),W € A.
Therefore 3(A) is a semi- algebraic manifold.

The codimension of the set consisting of jets with rank(W,,_1) = 0 is equal to (N + 1)(a; —
1). The codimension of the set consisting of jets with rank(W,,_;) = 0,rank(W,,) = 1 and
rank(Wy,_1) = lisequal to (N+1)(a; —1)+ N(az —a; —1). Thus we have that the codimension
of £(A) is calculated as

(N+1)(a1 —1)+N(ag—a1 — 1)+ (N —1)(ag —azs — 1)+ -+ (an+1 — any — 1),
which is equal to Zﬁi‘;l(ai — ). O
Corollary 5.2. For a generic curve v : I — RPNTY and for any ty € I, the type of v at tg is
equal to

(1,2,3,....,N,N+1) or (1,2,3,...,N,N +2).

Proof: By the transversality theorem, there exists an open dense subset O C C>(I, RPN+1)
in C*°-topology such that for any v € O and for any ty € I, the type A of v at ty satisfies
Z?fll(ai —4) < 1. Then we have a; = 4,1 <i < N and anyy1 = N+ 1orayyr = N+ 2, and
thus we have the required result. O
To treat osculating-framed curves, we consider the jet space of C-integral curves, C = C12,... N+1,

JE(I,F) C J'(I,F). Define
Yc(A):={j"T(to) | T : (R,tp) — F is C-integral, m; oI"is of type A}
in J;(I,F) for sufficiently large .
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Theorem 5.3. (|20]) JZ(I,F) is a submanifold of J"(I,F) and the codimension of ¥c(A) in
JE(I,F) is equal to an11 — (N +1).

Remark 5.4. Since any curve of finite type lifts to an C-integral curve, ¥¢(A) is not empty for
any A.

By the transversality theorem for C-integral curves, we have the following result:

Theorem 5.5. For a generic C-integral curve I' : [ — .7-'172,“,’N+1(VN+2), the type A of my o T
at any point of I is given by one of the following:

A=(1,23,...,NN+1), (1,2,...,i,i+2,....,N+1,N+2),(i=0,...,N).

Proof: By Theorem 5.3, for a genetic I', the type of m; o I' at a point in I satisfies that ay41 —
(N +1) <1, namely that ay11 < N + 2. Then we have the list of types. O

In general, we consider the canonical system C = Cy 2. k41 on F = ]:1’2’.“’]@+1(VN+2)7 we
consider the jet space of C-integral curves, J;(I,F) C J"(I,F). Define

Yc(A) == {j"c(to) | ¢: (R,to) — F is C-integral, m o c is of type A}
in JG (I, F) for sufficiently large r.

Theorem 5.6. J;(I,F) is a submanifold of J"(I,F) and the codimension of L¢(A) in J5(I,F)

is equal to
N+1

> (@i —i) = (N = k+1)(ax — k).

i=k
Note that, if £ = N, the formula is reduced to ay41 — (N + 1) (Theorem 5.3).
Proof of Theorem 5.6: Recall that C = C; 2. k41 is defined by
de/ ™' —zlde, =0, (1<i<k,i+1<j<N+1)

J J
0<i<k,i+1<j<N+1 of Fia, ., k41 (VF2) (§3). Then a C-

integral curve I' : I — F is obtained just form J;ii_l—components, 1 <i <k, and J:jk—components,

for the system of local coordinates (x/)

by integration. Then we see, at each point ¢y € I, ord(:pjO = z=1 ord(:cjjfl). We have that the
type of T" at ¢g is equal to A = (a1, ...,an+1) if and only if

ord(z,°) = ay, ord(zy') = az —ay, ..., ord(z,* ) = a, — ap_1,
and the type of the curve (a:k’fH, .. ,x]\l,ﬂrl) 1 (I,tp) — RN "% isof type (agr1—ag, - ..,an+1—ag)-
Thus the codimension of ¥¢(A) is calculated as
N+1 N1
(a1—1)+(az—a1—1)+- - +(ax—ar1-1)+ Y (aj —ax — (j — k) = Y _ (ai—i)—(N—k+1)(ar—Fk).
k+1 i=k

O
Remark 5.7. Let 7 : fl,Z,...,k,k—i—l — .7:172 ,,,,,
7T(V17 ‘/27 ] Vk7 Vk+1) = (V17 ‘/27 ceey Vk)

Then the m-fibres are projective subspaces of the flag manifold F1 2. ky1. In the above proof,
the functions xk’il, . ,x]\lfﬂ form a system of local projective coordinates of the w-fibre.

k. be the canonical projection defined by



SINGULARITIES OF TANGENT VARIETIES TO CURVES AND SURFACES 67

By the transversality theorem for C-integral curves, we have the following results:

Theorem 5.8. For a generic Cy a2-integral curve c, the type A of the tangent-framed curve moc
at any point of I is given by one of the following:

(1,2,3,...,N,N+1), (1,2,3,...,N,N+2), (2,3,4,...,N+1,N +2).

Proof: By Theorem 5.6, for a genetic ¢, the type of m; oc at a point in [ satisfies that ng{l(ai —

i) — N(a1 — 1) < 1, namely that ng{l(ai —1i) < N(ag —1)4+ 1. Then (N +1)(a; — 1) <
Ziﬁl(ai—i) < N(a;—1)+1. Therefore a; < 2and, ifa; = 2, then A = (2,3,4,..., N+1, N+2).

If a; = 1, then Zfi’;l(ai —4) < 1. Therefore we have the result. O

Theorem 5.9. For a generic Cy 2 3-integral curve k, the type A of the tangent-principal-normal-
framed curve w1 o k at any point of I is given by one of the following:

(1,2,3,...,N,N+1),(1,2,3,...,N,N+2),(1,3,4,...,N+1,N+2),(2,3,4,..., N+1,N +2).

Proof: By Theorem 5.6, for a genetic ¢, the type of m; oc at a point in I satisfies that Zi’gl(ai —

i) — (N —1)(az — 2) < 1, namely that Zij\;;l(ai —1i) < (N —=1)(a2 —2)+ 1. Then N(az —
2) < Zf\;'gl(ai —14) < (N —1)(az —2) + 1, and we have ag < 3. If ag = 3, then A =
(1,3,4,...,N+1,N+2)or (2,3,4,...,N+1,N+2). Ifap = 2, then A = (1,2,3,...,N,N+1)
or (1,2,3,...,N,N 4+ 2). O

Remark 5.10. We observe that, in all lists of the generic classifications of types, there are just
three possibilities of the leading two digits: (1,2),(1,3) and (2,3). These cases correspond to
the cases where the projection of the tangent variety to the osculating plane is diffeomorphic to
the map-germ (R?,0) — (R?,0), the fold singularities (z,u) — (22,u), ‘beak to beak’ (z,u)
(23 + uz?,u) and Whitney’s cusp map (z,u) — (23 + ux, u) respectively.

6. OPENING PROCEDURE OF DIFFERENTIABLE MAP-GERMS.

To describe singularities of frontal mappings, we introduce the notion of “openings" of map-
pings.

The tangent variety to a curve in RPYT! projects locally to the tangent variety to a space
curve in the osculating 3-space, and to a plane curve in the osculating 2- plane. Then the tangent
variety in RPN*! can be regarded as an “opening" of a tangent variety to a space curve and
to a plane curve. For example, the open swallowtail, which is an opening of the swallowtail,
appears in many context. It appears as a singular Lagrangian variety [2], and as a singular
solution to certain partial differential equation [13]. The open folded umbrella appears as a
‘frontal-symplectic singularity’ ([21]).

I\ |

——

Y

FIGURE 4. Opening of swallowtail.
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We denote by &, the R-algebra of C*° function-germs on (R"™, a) with the maximal ideal m,.
If @ is the origin, then we use &,,m,, instead of &,, m, respectively.

Definition 6.1. ([15][19]) Let f: (R™,a) — (R™,b) be a C*™ map-germ with n < m. We define
the Jacobi module of f:

JfZ{ijdfj | aj €&, (1<j<m)}cCQy,

j=1
in the space Q. of 1-form germs on (R™, a). Further we define the ramification module R ¢ by
Rf = {heé’a | dh € jf}

Note that Jy is just the first order component of the graded differential ideal J; in Qf
generated by dfy, ..., df,,. Then the singular locus is given by ¥, = {z € (R",a) | rankJ;(z) <
n}. Also we consider the Kernel field Ker(f, : TR™ — TR™), of f near a. Then we see that,
for another map-germ f’ : (R",a) — (R™ V') with Jp = Tf, n <m/, we have Ly = Xy and
Ker(f]) = Ker(f.).

Related notion was introduced in [34].

Lemma 6.2. Let f: (R",a) = (R™,b) be a C™ map-germ.

(1) f*& C Ry C & and Ry is an E,-module via f*.

(2) For another map-germ f': (R™ a) — (Rm/,b’), Jp = TJs if and only if Ry = Ry.

(3) If T : (R™,b) — (R™, V) is a diffeomorphism-germ, then Rrof = Ry. If o : (R",d') —
(R™,a) is a diffeomorphism-germ, then Rfoe = 0*(Ry).

Proof: (1) follows from that, if h € Ry and dh = 377", p;df;, then we have

d{(ko )}y = _{(ko f)p; +h(0k/dy;)} df;.
Jj=1

(2) It is clear that J; = Jy implies Ry = Ry. Conversely suppose Ry = Ry. Then any
component fJ’» of f’ belongs to Ry = Ry, hence df; € J¢. Therefore 7 C Jy. By the symmetry
we have Jp = J;.

(3) follows from that Jrof = Jf and Jyoe = 0*(J¥). O
Definition 6.3. Let f : (R",a) — (R™,b), n < m be a C*™ map-germ. Given hq,...,h, € Ry,
the map-germ F : (R",a) — R™ x R" = R™"" defined by

f:(flﬂ"'vfmahla"'ahT)

is called an opening of f, while f is called a closing of F.
An opening F = (f,h1,...,h,) of f is called a versal opening (resp. mini-versal opening) of
fyif 1,hq,..., h, form a (minimal) system of generators of Ry as an &-module via f*.

Note that an opening of an opening of f is an opening of f.

Here we summarise known results on the ramification module. A map-germ f : (R",a) —
(R™,b) is called finite if dimg &,/(f*mp)E, < oo.

Proposition 6.4. (Theorem 1.3 of [17], Corollary 2.4 of [19]) If f: (R",a) — (R™,b) is finite
and of corank at most one. Then we have

(1) Ry is a finite E-module. Therefore there exists a versal opening of f.

(2) 1,h1,...,hy € Ry generate Ry as E,-module if and only if they generate the vector space
Ry/f*(my)Ry over R.
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Remark 6.5. By Proposition 6.4, we see that 1,h1,...,h, € Ry form a minimal system of
generators of Ry as &-module if and only if they form a basis of R-vector space R/ f*(my)Ry.

Let £ > 0,m > 0. To present the normal forms of Morin map, consider variables ¢, A\ =

(A1, Ae—1), 10 = (Kij)1<j<m 1< j<i and polynomials
k=1 k 4
F(t ) =" 3 Nt Giltn) = pit?, (1 < i < m).
i=1 j=1

Let f: (RFFF™ 0) — (R™FF+E™ () be a Morin map defined by

f(t7 A, /-L) = (F(tv /\)a G(tv /’L)a A, N))

for the above polynomials F' and G.
For ¢ > 0, we denote by F(y, Gy the polynomials

¢ t
F(g)(t,)\):/oseF(s, A)ds, Gi(g)(t,u):/oszGi(s,u)ds.

Then we have:

Proposition 6.6. (Theorem 3 of [15]) The ramification module Ry of the Morin map f is
minimally generated over f*E,ikikm by the 1 +k+ (k — 1)m elements

L, Fay, -+ Fey, Grays -5 Gige=1ys -+ Gm@)y «-+» Gm(k=1)-
The map-germ F : (RFF™E ) — (RmHkE+km o RE+(k=1)m ) — (R2(k+km) () defined by
F=(f Fay,- -, Fu:Giys-- - Gre=1)s- - Gm(1)s -+ - » G (6-1))

s a versal opening of f.

Remark 6.7. It is shown in [15] moreover that F is an isotropic map for a symplectic structure
on R2(k+km).

Proposition 6.8. (cf. Proposition 1.6 of [17], Lemma 2.4 of [18]) Let f : (R™,a) — (R™,D)
be a C* map-germ and F : (R"*, (a,0)) — (R™¢ (b,0)) be an unfolding of f: F(x,u) =
(Fi(w,u),u) and Fi(z,0) = f(x). Leti: (R", a) — (R"* (a,0)) be the inclusion, i(z) = (z,0).
Then we have:

(1) i*Rp C Ry.

(2) If f is of corank < 1 with n < m, then i*Rp =Ry. If1,Hy,..., H, generate Ry via F*,
then 1,i*Hy,...,1"H, generate R¢ via f*.

(3) Let £ be a positive integer and F = (Fy(t,u),u) : (R™,0) — (R",0) an unfolding of f :
(R,0) = (R,0), f(t) = Fi(t,0) = t*. Suppose Hy,...,H, € RpNm,. Then 1,H;,..., H, gen-
erate Rp via F* if and only i*H,...,i*H, generate m{"'l/m%e. In particular Fy(1y,. .., Fie-1)
form a system of generators of Rp via F* over &,.

Proof: (1) is clear. (2) Let H € Rp. Then dH € Jp. Hence d(i*H) = i*(dH) € *Jr C
Js. Therefore i*H € Ry. Let f be of corank at most one. Suppose h € R;. Then dh =
27:1 ajdf; for some a; € &,. There exist Aj, By, € 4,0y such that i*A; = a; and the 1-
form >0, A;d(F); + Zi:l Byd)\y, is closed (cf. Lemma 2.5 of [19]). Then there exists an
H € &4, such that dH = Z]m:l A;d(F); + Zizl Byd\, € Jp and d(i*H) = i*(dH) = dh.
Then there exists ¢ € R such that h = i*H + ¢ = *(H + ¢), and H + ¢ € Rp. Therefore
h € i*Rp. Since i* is a homomorphism over j* : £y,0y — &, where j : (R™,0) — (R™+£,0) is
the inclusion j(y) = (y, 0), we have the consequence. (3) It is easy to show that R ; = R+m{. By
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Proposition 6.4 (2), 1, Hy,..., H, generate Ry as &,-module via F** if and only if they generate
Rp/F*(m,)RFr over R. Since

Ri/F*(m,)Rp = (R+mp)/(f'mi)(R+mi) = mit!/mi
we have the consequence. (I

Proposition 6.9. Let f : (R",a) = (R™,b), n < m be a C*° map-germ.

(1) For any versal opening F : (R™,a) — (R™*" F(a)) of f and for any opening G : (R",a) —
(R™*5 G(a)), there exists an affine bundle map ¥ : (R™" F(a)) — (R™"%,G(a)) over (R™, f(a))
such that G =¥ o F.

(2) For any mini-versal openings F : (R™,a) — (R™", F(a)) and F' : (R",a) — (R™", F'(a))
of f, there exists an affine bundle isomorphism ® : (R™Y" F(a)) — (R™*", F'(a)) over (R™, f(a))
such that F' = W o F. In particular, the diffeomorphism class of mini-versal opening of [ is
unique.

(3) Any versal openings F” : (R™, a) — (R™VS F"(a)) of f is diffeomorphic to (F,0) for a
mini-versal opening of f.

Proof: (1) Let F = (f,h1,...,h,) and G = (f, k1,...,ks). Since k; € Ry, there exist

0 1 T
CjCjiyci €&

such that kj = ¢;% o f + (¢;' o f)h1 + -+ + (¢;” © f)hy. Then it suffices to set

U(y,2) = (4, (¢;°(W) + ¢ W)z + - + ¢ (¥) 2 )1<j<s)-
(2) By (1) there exists an affine bundle map ¥ with £/ = ¥ o F. From the minimality, we have
that the matrix (c,’(b)) is regular. (See Remark 6.5). Therefore W is a diffeomorphism-germ.
(3) Let F = W o F" for some affine bundle map W. Then the matrix (¢;'(b)) is of rank r.
Therefore F" is diffeomorphic to (F, ki, ..., ks—,) for some k; € Ry. Write each k; = K o F for
some K; € Ep(q). Then we set Z(y, z,w) = (y,z,w — K o F'). Then Z is a local diffeomorphism
on R™+74+(=7) and Zo (F,ky,...,ks,) = (F,0). O

7. NORMAL FORMS OF TANGENT SURFACES.

According to a geometric restriction expressed in differential system, we have imposed on
curves in projective spaces a system of differential equations (§3). The genericity, in such a
restricted class of curves, naturally implies a restriction on types of curves (§5). Then we use
the following results to solve the classification problem. For the concrete expression of normal
forms, see §3.

Theorem 7.1. (1) In RP3, the tangent variety of a curve of type (1,2,3) (resp. (1,2,4), (2,3,4),
(1,3,4)) is locally diffeomorphic to the cuspidal edge (the folded umbrella, the swallowtail, the
Mond surface) in R3.

(2) (Higher codimensional case.) In RPN+ N 4+ 1 >4,

(i) the tangent variety of a curve of type (1,2,3,aq4,...,an+1) is locally diffeomorphic to the
cuspidal edge (R?,0) — (R3,0) composed with the inclusion to (RN*1,0).

(ii) the tangent variety of a curve of type (1,3,4,5,as,...,an41) is locally diffeomorphic to
the open Mond surface (R2?,0) — (R*,0) composed with the inclusion to (RNT10).

(iii) the tangent variety of a curve of type (2,3,4,5,as,...,an+1) s locally diffeomorphic to
the open swallowtail (R?,0) — (R*,0) composed with the inclusion to (RN*1,0).

Proof: (1) is proved in Theorem 1 (n = 2) in [18]. (2) In each case, the idea is to show that the
tangent map-germ Tan(+) is diffeomorphic to a mini-versal opening of an appropriate map-germ:
(i) the fold map-germ (R?2,0) — (R?2,0).
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(ii) the Mond surface (R?,0) — (R?,0).

(iii) the swallowtail (R?,0) — (R?,0).

Then, by Proposition 6.9, the diffeomorphism class of the tangent map-germ is unique and
we get the required results.

Let v: (R,0) — RPN*! be a curve-germ of type (ai,as,...,an11),

V() = (21(2), 22(8), - -, 2N (1))

a local affine representation of v as in Lemma 4.2, and

F5:) = (B0 (st Pt = (w0 + 5 o)
a(t) 1<i<N+1

the parametrisation of the tangent variety to v, where a(t) = t**~1. We may suppose z1 (t) = t%1.

We define ¢ : (R?,0) — (R2,0) by ¢’ = (f1, f2). Then, by Lemma 4.5 and Remark 4.7, we see
that fs,..., fv+1 € Ry. Note that fi(s,t) = x1(t) +a1s is a regular function. We regard fi(s,t)
as an unfolding parameter u. Then there exist diffeomorphism-germ o : (R?,0) — (R?,0) and
7 : (R%,0) — (R?,0) such that o is of form o(u,t) = (01(u),toz(u,t)) and g = 7o g’ o0 is
equal to (i) (u,t) — (u,t® + ut), (ii) (u,t) — (u,t3 + ut?), (iii) (u,t) — (u,t> + ut). Then
faoo,..., fnvy1 00 belongs Ry = Rgop. Then, by Lemma 6.8, (i) F = (fi 00, fa 00, fs00),
(ii)(ili) F = (f1 00, fa00, fso0, fy 0 0), are versal opening of g respectively. Note that in cases
(ii) and (iii), F is a versal opening of also Mond surface and swallowtail respectively. Then, by
Proposition 6.8 (3), we have that foo is diffeomorphic to (i) (u, t* +ut, 2t + Lut?,0,...,0), (ii)
(u, 83+ ut?, 24 + 2ut®, 3¢5 + Jut,0,...,0), (ili) (u, 3 +ut?, 3t 4+ Jut?, 26° + Lut?,0,...,0), as
required. (I

Theorem 7.2. The tangent variety of a curve of type (1,2,4,5,as,...,an+1) is locally diffeo-
morphic to the open folded umbrella (R?,0) — (R*,0) composed with the inclusion to (RN*1,0).

Proof: We argue as in Theorem 7.1. However in this case (f1 o0, foo 0, fs 00, f4100) is not a
versal opening of g = (u,t? + ut). (In fact the open folded umbrella is not a versal opening of
the folded umbrella (R?,0) — (R?,0). )

To show Theorem 7.2, we define

R = {het?e; |dhet?T,}.

Then f; 00 € Rf), (¢ > 3). We see that f3 o 0, f4 o o generate RE,Z) over g*&. In fact
h1,...,h, generate R§2) as Ex-module if and only if i*hy,...,i*h, generate m}/m$ over R.
(See Lemma 2.4 of [18]). Also hy = t* + Jut hy = 2t° + Jut* generate Réz). We write
fioo = (a;o0g)hi + (b;og)ha, (i > 3), for some a;, b; € ;. We define ¥ : (RV+1,0) — (RV*1,0)
by
U(z) = (z1,22,a3(x1,22)73 + b3(T1, ¥2) 24, as(T1, ¥2) 23 + ba(21, T2) 74,
XT; — ai(Il,l‘g)xg + bi($1,$2)1‘4(5 > ’L))

Then ¥ is a diffeomorphism-germ and ¥ o f oo = (g, h1,he,0). Thus we have that f oo is
diffeomorphic to (g, h1, ha,0) = (u,t? + ut, %t‘l + %utS, %t5 + iut‘*, 0,...,0) as required. O

Proofs of the classification theorems. Theorems 2.6, 3.3, 3.4, 3.6 follow from Theorems 5.8, 5.9,
5.5 and Theorems 7.1, 7.2.

We are led, in our generic classifications in a geometric setting, to find the following result,
which we use in §8.
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Theorem 7.3. The tangent variety of a curve of type (1,3,4,6,as,...,anx41) in RPN T N+1 >
4, has unique diffeomorphism class.

We may call it the ‘unfurled Mond surface’, distinguished with the open Mond surface. The
normal form (R2,0) — (RV*1,0) of the unfurled Mond surface is given by

(s,t) = (t+s, 7 +3st?, t'+4st?, t°+6st°, 0,...,0),
which is diffeomorphic to
3 2 1 2
(z,u) — <u, 2+ ut?, 1254 + gutg, §t6 + guts, 0,... ,O) )

To show Theorem 7.3, we prepare the following:

Lemma 7.4. (cf. Lemma 2.4 of [18]) Let g : (R%,0) — (R?0) be the map-germ defined by
g(t,u) = (u, t® + ut?). We set
RP ={het’e, | dhet3T,}.

and set T = 3 + ut®, T; = 25t 4 Zout2, (i = 1,2,3,...). Then we have (1) Ry =
Ry Nt9E. (2) Rff’) is a finite Ey-module via g* : Ey — E generated by T3, TTy, T?. (3) Let
t: (R,0) = (R2%,0),c(t) = (¢,0). Then hy,...,he € Ré3) generate R,(J?’) as Ey-module via g* if
and only if t*hy,...,1*hg generate t5& /t°&; over R. (Note that Ty & R(g3).)

) h T h
Proof: (1) First note that R{” = {h €38, ‘ ?Tt € t388t€2}. Let h € Ry, Then % € t*&;
oh oT
and h € t3&,. Therefore h € Ry N t°&,. Conversely let h € Ry N t°&5. Then T tBEK for

some K € &. Since h(0,0) = 0, we have % € t°&y. Therefore dh € 37, and h € R§3). Thus
we have the equality.

(2) Let h € R§3). Then h = ao g+ bo gI} + co gTs, for some a,b,c € E. Since h € t°&,,
h =aogT? +bo gT'Ty +cogT'Ty, for some a, E, ¢ € &. Note that T3, TT,, TT, € R§3). Moreover
we have directly

32 14 16 7 4 20
T3 = ZuT2 4+ 2TTs + —Ty, TTy = —T2 + —uTy, Ty = -TT), — —uTs.
15“1Jr 3+3 4, 2 151+3U4, 1= 21“3
Therefore we have
20 4 16 40 8 32
TTy = ——?Ts + —uTT) + =T2, T3 = (2T — —u> | Ty + —u>TTy + —uT2.
2 g Wis T guldnt ot g W) I3t guiihi 4 ol

(3) t* : & — & induces o : Rgs) — t0&;, which is clearly surjective. Moreover we have
() 7HH&) = g*mQR(gg). Therefore ¢* induces an isomorphism Rés)/g*ngég) ~ 158, /198,
as R-vector spaces. By (2) and by Malgrange-Mather’s preparation theorem [5], we have the
required result. O

Proof of Theorem 7.3: We give the proof for the case N + 1 = 4. In general case we can argue
similarly.

Let v : (R,0) — RP* be a curve of type (1,3,4,6). The tangent map-germ Tan(vy) is an
opening of a Mond surface. However it is not versal. So we need a specialised idea to show the
determinacy result in this situation. Let

V() = (8, 1% + o(t), t* + (1), t° + p(t)),
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with € m},v € m, p € m{. Then f = Tan(y) is given by
f(s,t) = (t+s, t343st? + D(t), t* +4st> + U(¢), t° + 6st° + R(1)) ,
where ®(s,t) = @(t) + s¢'(t), U(s,t) = P(t) + s’ (t), R(s,t) = p(t) + sp'(t). We set u =1+ s.
Then
Flu,t) = (u —26% 4 3ut? + B(t), —3t* + dutd + V(t), —5t° + 6ut® + E(t)) :

where ®(s,1) = (t) + (1 — )@'(£), U(s,t) = B(£) + (u — D' (8), R(s,t) = p(t) + (u— )/ (1)
From the determinacy of tangent varieties to curves of type (1,3,4) in R3 ([33], [16]), we have
that there exist diffeomorphism-germ o : (R%,0) — (R2,0) of form o (u,t) = (o1(u),to2(u,t))
and a diffeomorphism-germ 7 : (R*,0) — (R*,0) such that
foo(u,t) = (u, T(u,t), T1(u,t), T3(u,t) + S5(u,t)),
with
T=t+ut?, T,= %t‘* + %ut‘?’, Ty = %tﬁ + %ut5,
Ss € Rﬁf’% g = (u, t3+ut?), 1*S3 € m]. Then we have, by Lemma 7.4,
Sy =A309g T3+ BsogTT) +Cz0gT?,
for some Az, Bs,Cs € & with A3(0,0) = 0. Define = : (R*,0) — (R*,0) by
E(x1, x2,x3,24) = (:cl, T2, 23 + A1(21,72)74 + Bi(21, 72) 073 + C1 (21, 72) 73,
x4 + As(x1,x2)x4 + B3(21, 22) w223 + C3(21, I’Q)IE%) .
Then the Jacobi matrix of E is the unit matrix, so = is a diffeomorphism-germ and
Elofoo= (u 3+ ut?, %t‘* + %ut?’, %tﬁ + ?ut5> )
O

8. SINGULARITIES ON TANGENT VARIETIES TO OSCULATING FRAMED CONTACT- INTEGRAL
CURVES.

We give results on the classification of singularities of tangent varieties to contact-integral
curves (resp. osculating framed contact-integral curves) in a contact projective space.
Let V' be a symplectic vector space of dimension 2n + 2. Consider the isotropic flag manifold:

Frag = Frag(V) ={Vi C Vo C--- CV,, C Vyy1 C V| V,41 is Lagrangian}.
Note that Fr.g is a finite quotient of U(n + 1),dim(Frag) = (n + 1)? and that Fra.(V) is
embedded into F(V) = Fi 2. n+1,...2n+1(V) by taking symplectic orthogonals:
Vi, Vo, oo s Vi, Vi) = (Vi Vo, oo Vo Vi, Vo VS V),
Define a differential system £ C T Frag by
VEEW,. Vay) = i (v) € T Gr(i, Vig1)(C TIGr (3, V)), (1 <i < n).

where IGr means the isotropic Grassmannian, m; : Frag — IGr(Z, V') is the canonical projection.
Then rank(£) =n + 1 and £ is bracket generating.

If n =1, then we have dim Fr,,g = 4 and € is an Engel structure on Frag ([22]).

An E-integral curve c : I — Frag is a C*° family

(Vl (t>7 VZ<t)a ) Vn(t)7 Vn+1 (t))

of isotropic flags in the symplectic vector space V such that V;(¢) moves momentarily in V;1(t).
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Remark 8.1. The projective space P(V?"*2) =2 RP?"*! has the canonical contact structure
DcCT(P(V)): For V; € P(V) and for v € Ty, P(V), we define

v € Dy, <= m.(v) €e T(P(VP))(C T(P(V))).
If c: I — Frag(V) is an E-integral curve, then vy =m oc: I — P(V) is a D-integral curve.

We consider the space JE (I, Frag(R?*"2) of E-integral jets in
J"(I, Frag(R?"12)) and set

Ye(A) = {jT(to) | to € I,T : (R, t0) — Frag(R**?) is E-integral, m oT is of type A}.
Then we have the codimension formula for osculating framed contact-integral curves.
Theorem 8.2. The set of E-integral curves ¢ : I — Frag(R*2) such that the osculating-framed
contact-integral curve my o ¢ : I — P(V?"*2) is of type A = (a1, az,...,a2,41) is not empty if
and only if

An+tj = Qpt+1 + Qp — Gpt1—j, (2§j§n+1)»

and then its codimension in the jet space of E-integral curves is given by an+1 — (n+ 1).
Proof: To show Theorem 8.2, first we give systems of projective coordinates on Fiag(V). For
the case n = 1, refer the paper [22].

We fix a flag Vo = (Vig, Vao, - .+, Vat10) € Frag(V). Then we take the open set U C Frag(V)
defined by
U .= {(Vl, ‘/2’ ey Vn+1) S ]:Lag(V) ‘ Vl N ‘/1‘;0 = {O}, V2 n V;O = {0}, ceey Vn+1 n VrerlO = {0}} .
Take Vi = (Vi1,V21,...,Vae11) € U. Then we have the decomposition V =V, 111 BV, 410 into
Lagrangian subspaces, and the decomposition

Vg = V@ (VanVg) @ (Var N V) & -+ & (Vg1 N Vo),
Vatio = Vig® (Voo NV) @ (Vao NV3y) & - @ (Vg0 N V1),

of each Lagrangian subspace into one-dimensional subspaces. Take non-zero vectors ey € Vi1,
e; € Viyr1 NVS, (1 <i<n), fo € Vip and f; € Viz10NVE, (1 <i <n), to get a symplectic
basis (eg, €1, ---,€n; fo, f1,--+5 [n) of V.

Then, for each V. = (V4,Va,...,Vyt1) € Uv,, Vog1 has a basis (vg,v1,...,v,) uniquely
expressed as

n
v, =e; + ijifj, (0 <i<n),
§=0

for some (;")o<i j<n. Since Vi 41 is a Lagrangian subspace of V, we have that ;" = z,7,0 <
i,j < n. Then there exist uniquely \;*, (1 < k < < n), such that

Wi = Vgp—_1 + Z)\ik’l}i, (1 <k<n+ 1),
i=k

form a basis of V41 such that Vi = (wy,...,wir)g, (1 <k <n+1). Then actually we have

Wy = ep—1 + Z)\Z-kei + Z <33jk1 + Z)\ikmji> fiv A1<k<n+1).
i=k j=0 i=k

Thus, given Vo, Vi € Frag(V), we have a chart U — R of Frag(V), given by the symmetric
matrix (2,%)o<ij<n and \;®, (1 < k <4 < n). From another choice of Vo, Vi € Frag(V), we
have another chart with fractional linear transition functions.
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The projection 7 : Frag(V) — P(V) is expressed by
(asji,)\ik) — [1 D YLERERED WLy AN Z)\ilzoi ceeerz 04 Zx\ilxni
i=1 j

We set Xjk = a:jk + Z )\ikﬂmji, (0 <j<n,0 <k <mn). Then the differential system & is
i=k+1
locally given by

d\F =\ =0, 1<k<nk+1<i<n,
dX;F = X FdNE =0, 1<k<n0<j<n

We see that each E-integral curve I is obtained from the components A\,*, 1 < k < n, and the
x,'-component, by iterative integrations.
The type (a1, a9,...,0n, Gni1,@nt2, ... a2n4+1) of ¥ =1 oI is expressed in terms of

ug == ord(\"), 1<k <n, wv:=ord(z,")

by
a; = wtus+---+u, (1<i<n)
Apy1 = UL+ U2+ -+ Uy U,
Unti4j = Ul +Uz+ -+ 2Up_jp1+ -+ 2up, + v, (1 <5 <n),
Let A = (a1,...,0n,Gnt1,0n42,-..,020,02,+1) be a strictly increasing sequence of positive
integers. Then The above system of equations has an integer solution (ui,...,u,,v) if and only

if apt14i — Anys = Gp — ap—;. If the non-empty condition is fulfilled, then the codimension of
the set
Y(A)={j"T(to) | T : (I,to) = Frag(V) is E-integral, type(m; o) = A}
in JZ(I, Frag(V)) is calculated by
ar—1+(axa—a1—1)+ 4+ (ant1 —an—1) =apy1 — (n+1).
O

By Theorem 8.2 and by the transversality theorem for £-integral curves, we have the following
result: We separate cases into three groups from the classification viewpoint of singularities.

Theorem 8.3. ([22]) Let 2n + 1 = 3. For a generic E-integral curve ¢ : I — Fraq(R*) in
C*>-topology, the type A of m oc at any point t € I is given by

A =(1,2,3),(1,3,4),(2,3,5).

The tangent varieties to the osculating-framed Legendre curve v = moc: I — P(V) = RP3?
is locally diffeomorphic to the cuspidal edge, to the Mond surface or to the generic folded pleat
(Figure 5).

Remark 8.4. In the above Theorem 8.3, the type of the curve 7 is restricted to (1,2, 3), (1, 3,4)
or (2,3,5). The local diffecomorphism class of the tangent variety Tan(vy) is determined if
type(y) = (1,2,3) or (1,3,4), but it is not determined if type(y) = (2,3,5) and there are
exactly two diffeomorphism classes, generic one and non-generic one.

Note that we have obtained in [22]| also the generic classification of singularities of tangent
varieties to my 0 ¢ : I = LG(V) in Lagrangian Grassmannian.
In the higher codimensional case, we have:
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FIGURE 5. cuspidal edge, Mond surface and generic folded pleat in R3.

Theorem 8.5. Let 2n+ 1 > 7. For a generic E-integral curve ¢ : I — Frag(R*2) in C°°-
topology, the type of osculating-framed contact-integral curve vy =myoc: 1 — P(V) ~ Rp2ntl
at each point of I is given by one of
A = (1,2,3,4,...,n,n+1,n+2,...,2n+ 1),
(1,2,3,4,...,n, n+2,n+3,...,2n+ 2),

(1,2,4,5,....,n+1L,n+2,n+3,...,2n+ 2),
(1,3,4,5,....,n+1L,n+2,n+3,...,2n+ 2),
(2,3,4,5,....,n+1L,n+2,n+3,...,2n+ 2).

Moreover the tangent variety Tan(y) to the osculating-framed contact- integral curve 7 is locally
diffeomorphic to the cuspidal edge, the open folded umbrella, the open Mond surface, or to the
open swallowtail.

We should be careful in the low codimensional case:

Theorem 8.6. Let 2n+1 =5. For a generic £-integral curve ¢ : I — fLag(RG) in C*°-topology,
the type of osculating-framed contact-integral curve vy = myoc: I — P(V) = RP® at each point
of I is given by one of

(1,2,3,4,5), (1,2,4,5,6), (1,3,4,6,7), (2,3,4,5,7).
Moreover the tangent variety Tan(y) to the osculating-framed contact- integral curve 7y is locally

diffeomorphic to the cuspidal edge, the open folded umbrella, the unfurled Mond surface, or to
the open swallowtail.

Proofs of Theorems 8.5, 8.6: By the transversality theorem, we reduce the list in each case
from Theorem 8.2. In each case, we have the uniqueness of the diffeomorphism class of tangent
varieties by Theorem 7.1, except for the case A = (1,3,4,6,7). For the case A = (1,3,4,6,7),
we use Theorem 7.3. O

It is natural to consider the generic classification of tangent varieties to contact-integral curves
I — P(V) = RP?"*l. Here, we give just the result on non-framed three dimensional case
(n=1):

Proposition 8.7. For a generic contact-integral curve v : I — P(V*) = RP3, and for any
to € I, the type of v at to is equal to (1,2,3) or to (1,3,4) and the tangent variety Tan(y) of v
is locally diffeomorphic to the cuspidal edge or to the Mond surface.

Proof: Take the local coordinates A, u,v of P(V) such that the contact structure is given by
dp = vdA — Mdv. We express v(t) = (A(t), u(t), v(t)). Since v is contact-integral, we have that
!

() = V(N (1) — A1), Therefore 5" (1) = v(BX' (1) — A1) and
W (1) =V (ON' (1) + v (ON" (1) = N (0" () = MW" (0).
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Tan(S)

FIGURE 6. Tangent variety of Veronese surface.

Then
N M/ 4
det )\// p,” l/” — ()\/Z/// _ )\HU/)2.
PN H”/ "

Therefore, if type(A(f),v(t)) = (1,2), then type(y(¢)) = (1,2, 3). Moreover we have
‘LLNN — 21//)\/// + V)\I/// _ 2)\’””’ _ AV////'

Then
NV NV 0
. "ty . N 0
ran N = ran N N N
NIy NI N\

Therefore the rank of the above matrix is 3 at ¢ if and only if N'v” — X'V #£ 0 or Nv"' — X"V #
0 at t. By the transversality theorem, we have that, for a generic v and for any tqg € I,
(a) N(to)V" (to) — X'(to)v (to) # 0 or (b) XN (to)v"(to) — N'(to)V'(to) = 0 and X (to)v"(to) —
AN (to)v' (to) # 0. In case (a), type(vy) = (1,2,3) at to. In case (b), type(y) = (1,3,4) at to.
Then, by Theorem 7.1(1), we have the required result. O

9. SINGULARITIES OF TANGENT VARIETIES TO SURFACES.
First we observe that the tangent varieties to a generic smooth surface are not frontal.

a1 a2 a13
Example 9.1. Let V=<¢ A= ala Qoo  G23 3 x 3, symmetric p,
a1z Q23 a33

the vector space of quadratic forms of variables z,y, z. Then dim(V) = 6. Let S = P({rank(A) =
1}) € P(V) = RP°® be the Veronese surface. Then we see that the tangent variety consists of
the projection of the locus of semi- indefinite matrices of rank 2 and S. Note that the secant
variety Sec(S), the closure of the union of secants connecting any pair of points on .S, consists
of the projection of the locus of matrices of rank < 2 :
Tan(S) = SU P({rank(A4) = 2, semi-indefinite})
C Sec(S) = P({rank(A4) < 2}) € P(V).

See Figure 6. The tangent variety Tan(S) is not frontal. Note that, even if S is algebraic,
Tan(S) is semi-algebraic in general over the real numbers. For a generic surface S € RP5,
tangent varieties Tan(S) are perturbed into a non-frontal hypersurface.

Therefore the tangent variety Tan(S) to a generic surface S C RP® is never frontal.

Let V be a (N + 3)-dimensional vector space. Let us consider a flag manifold
F=Fis(V)={VicVsCcV}=Gr(2, T(P(V))),
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F1,3(V) = 3N +2, with local coordinates x1, z2, y1,...,YN,D1,---,PN,q1,---,qn. The canonical
differential system 7 = C = C; 3 is given by dy; = p;dx1 + ¢;dza, (1 <i < N). A frontal map-
germ f: (R%,0) — P(V) = RPN*+2 lifts to a C; 3-integral map-germs, therefore f is an opening
of g= (10 f,z20 f): (R% 0) — R? with the dense set of regular points.

Thus it is possible to study the singularities of tangent varieties to frontal surfaces as the
singularity theory on C; s-integral mappings. The general studies from this viewpoint are left to
a forthcoming paper.

Now, let us consider another type of flag manifold: F; 35(V) = {V1 C V3 C V5 C V}. and the
canonical system N = Cy 35 C T(Fi,3,5(V)) defined by

v € C13501; v5,v5) < Tiw(v) € T(Gr(4, Viyo))(C T(Gr(i,RY)), i = 1,3.
If N = 3, then dim(F; 35(R%)) = 13 and rank(C; 3 5) = 8. In fact, N is given by

drv’ = z3tdre® + 2ldxy
dv = ztdx®+22dxy
de’ = z5dx® + 2 ldxy
degt = zidrs! +xtde,!
de? = z3drs® + xtde?

for a system of projective local coordinates
0,0,.0,0_0_ 1_1_1_2 2 2 '3 4
':El 7332 3'T3 7'1:4 ,1’5 a'r?, 7':64 71‘5 ,333 7'T4 7I5 ,135 71'5
6
of ]:1)375(V )

Proposition 9.2. Let f : (R?,0) — P(VN*3) be a frontal map-germ. Suppose that the regular
locus of the tangent map Tan(f) : (R*,0) — P(V) is dense. Then Tan(f) is frontal if and only
if f is the projection of a Cq 3 5-integral map by m : F135(V) — P(V).

Proof: Suppose Tan(f) is frontal and g : (R*,0) — Gr(4,T(P(V))) = F15(V) is the Grass-
mannian lifting of Tan(f). Then g|lrzxo lifts a Cy 3 5-integral map F : (R?,0) — Fi35(V)
and m o F = f. Conversely if m; o F' = f for a Cy35-integral map F, then Tan(f) lifts to
G (R4,0) — ./.'.17375(‘/) by G($1,527t17t2) = F(0,0,tl,tz). O

Let V® be a symplectic vector space. Let us consider the canonical contact structure on
P(V) = RP5. Let S C RP® be a Legendre surface. Then S lifts to a C1 3,5-integral surface.
Therefore, by Theorem 9.2, we have:

Corollary 9.3. Let i : (R?,0) — RP® be a Legendre immersion-germ. Suppose the reqular
locus Reg(Tan(i)) of the tangent variety is dense in (R%,0). Then the tangent variety Tan(i) :
(R?,0) — RP?® is a frontal.

Definition 9.4. A point p of a Legendre surface S in RP? is called an ordinary point if there
exists a local projective-contact coordinates x1, s, x3, x4, x5 and a C* local coordinates (u,v)
of S centred p such that locally S is given by

r1T = u,

o = U,

T3 = %auQ + buv + %CUQ + higher order terms,

T4 = %bu2 + cuv + %61)2 + higher order terms,

€5 = _(éau?) + %buQU + %CU’U2 + %6’03) + higher order terms,

with
D= {d$5 — x1dxs — xodry + x3dT1 + T4dTo = O},
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rank< a boc ) =2.

b c e

An ordinary point p is called hyperbolic (resp. elliptic, parabolic), if moreover
H := 4(ac — b*)(be — ¢*) — (ae — bc)?

is negative (resp. positive, zero).

and

Note that the set of hyperbolic (resp. elliptic) ordinary points is an open subset in S. Then
we have the following fundamental result:

Theorem 9.5. The tangent variety Tan(S) to a Legendre surface S in RP® at a hyperbolic
ordinary point (resp. an elliptic ordinary point) is locally diffeomorphic to (DI—singularity m
R3) x R? (resp. (Dy -singularity in R3) x R?) in R5.

="

Tan(S) x R? x R?

FIGURE 7. Tangent varieties along hyperbolic and elliptic ordinary points on a
surface in RP°.

In [36], a simple criterion on D, has been found by Saji. The fo—singularity in R3 is given
by the map-germ (R?,0) — (R3,0)

(u,v) = (uv,u? £ 3v% u?v + v3).

Theorem 9.6. ([36]) Let f : (R?,0) — (R3,0) be a front and (f,v) : (R%0) — R3 x 5% q
Legendre lift of f. Then f is diffeomorphic to D} (resp. D} ) if and only if f is of rank zero at
0 and the Hessian determinant of

Alu,v) := det (gi(u,v), %(u,v), v(u, v))

at (0,0) is negative (resp. positive).

Note that D4-singularity is not a generic singularity of wave-fronts in R3, but is a generic
singularity of wave-fronts in R*. The criterion for Dy-singularities in R* is also given in [36].
Moreover we remark that Saji’s criterion is valid also for the case with parameters and it char-
acterises the trivial deformation of Dy-singularity. In fact the same line of proof in [36] works as
well for the case with parameters:

Theorem 9.7. Let F = (fi)iemr0) : (R*xR",0) — (R?,0) be a family of fronts and (F,N) =
(fi,ve) : (R2 x R",0) — R3 x S? a family of Legendre lifts of F. Then F is diffeomorphic to
the trivial deformation of D (resp. Dy ) if and only if fi is of rank zero at 0 and the Hessian
determinant of

AMu,v,t) := det <?3J;t(u71)), %(u,v)7 v (u, v)>

with respect to (u,v) at (0,0,t) is negative (resp. positive), for any t € (R",0).
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Proof of Theorem 9.5: Let ©1 = u,x2 = v,

T3 = %au2 + buv + %cv2 + o(u,v),
Ty = %bu2 + cuv + %6’02 + ¥(u,v),
x5 = —(gau® + 1buv + Jeuv? + Fev®) + p(u,v),

ord(y) > 3,ord(¢p) > 3, and

Pu = UPy, + Uwu — @, Pu=UPy + Uwu — .
As an integrability condition, we have that ¢, = 1,. The tangent map of S is given by z; =
u+s,x0o=v+1,

3 = tau? +buww+ tcv?+ o+ s(au+bo+ou) +t(bu+cv+¢,),
Ty = %buZ—i-cuv—i-%er—i-w—i—s(bu—l—cv—&—wu)—i—t(cu—&—ev—l—l/)v),
rs = —(kaud + tbuPv+ Jeuwwv? 4 tev®) +p

+s (—%au2 — buv — %ch + pu) +t (—%bu2 —cuv — %602 + pv) .

Take the transversal slice s = —u,t = —v. Then we have map-germ ¢ : (R?,0) — (R3,0),

Gi(uv) = —baw® —buv — b’ + o — upy — v,
g2(u,v) = —%bu2 — cuv — %€U2+¢—u¢u — Uy,
g3(u,v) = %au3 + buv + cuv? + %ev3 +p—uUpy — VPy.

We show that g is diffeomorphic to Dy4-singularity, by using Saji’s criterion (Theorem 9.6).

First, we have dg3 = —udg; —vdgo. Therefore g is a front and we can take v = ﬁ (u,v,1).
Second, we see f is of rank zero. Third,

Jiu  YGiv u
/\(’U,,?)) = det(guvgm V) = det 9ou  G2v v
0 0 u?+v2+1
= U2 + ’UZ + 1 (glug2v - glvg2u)
The 2-jet of h := g14920 — g1vg2yu at 0 is given by
§2h(0) = (ac — b*)u? + (ae — be)uv + (be — c*)v?  (mod. m3).
Therefore we have that the Hessian determinant of A at 0 is given by
_ 2(ac —b*)  ae—be
H = det ( ae —bc  2(be —c?)

By Theorem 9.6, we see that g is diffeomorphic to fo if and only if FH > 0. Moreover, we can
show similarly that, regarding S as the parameter space, the tangent map-germ is diffeomorphic
to the trivial unfolding of Dy4- singularity with two parameters, by using Theorem 9.7. Hence
we have Theorem 9.5. (]

10. TANGENT MAPS TO FRONTAL MAPS AND OPEN PROBLEMS.

Let V be a (N + 2n)-dimensional vector space with positive natural numbers N, n. Consider
the flag manifolds:

Finti2n+1 = Fint1,2n41(V) = {Vi C Vyr C Va1 C V),
with the canonical differential system Cq 541,251, and
Fins1 =Fina1 (V) :={Vi CVp1 CV},
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with the canonical differential system C; 1. Note that Fj 4 is identified with the Grassman-
nian bundle Gr(n,T(P(V))). Consider the canonical projections

I s —
Fint1,2nt1 — Finy1 — F1=P(V) = RPNt2n—1
Similarly to the proof of Proposition 9.2, we have

Proposition 10.1. Let f : (R",0) — RPN*2"=1 be q frontal map-germ. Suppose the regular
locus Reg(Tan(f)) of the tangent map Tan(f) : (R?",0) — RPN*T2"~1 45 dense in (R*",0).
Then Tan(f) is frontal if and only if the Grassmannian lift f: (R™,0) = Fint1 of f form, lifts
to a C1 n+1,2n+1-integral lift £: (R™,0) — F1 pt1,2n41 for IL

It is natural to proceed to consider the tangent varieties to Legendre submanifolds.
Let V be a (2n 4 2)-dimensional symplectic vector space. Consider the Lagrange (isotropic)
flag manifold:

Frag = Frag(V) :={Vi C V41 CV | V41 is Lagrange.},
with the canonical differential system & C T'Fi,,. In general we have

Corollary 10.2. Let g : (R",0) — FLag be E-integral and Tan(r o g) : (R*",0) — P(V) the
tangent map-germ of myog : (R™,0) — P(V). Suppose that Reg(Tan(m0g)) is dense in (R™,0).
Then Tan(m o g) is frontal.

Proof: Note that Frae is embedded in Fi ni1,2n+1 by (Vi,Vag1) — (Vi, Viyr, V®), where VP
is the symplectic skew-orthogonal to Vi, and & is the restriction of Ci p41,2n41. Therefore
Proposition 10.2 follows from Proposition 10.1.

Here we give alternative direct proof. Since f is Legendre, f = (A, u,v) satisfies du =
ST (vid)i — Nidy;). The tangent map-germ Tan(f) = (A, M, N) is given by

i=1

A A n ON/Ou,
M | =1 p |+ Z s;j | Op/ou,
N v j=1 Ov/ou;

Then we have

dM = dp+ Y s;d (9p/du;) + X0 (9p/duy) ds,

=1

i=1 j=1

+Z Z (1/1 (8)\1/611]) — )\z (8%/6’&])) dS]

i=1
Thus M € Rs,ny and Tan(f) is frontal. O
Then Corollary 10.2 implies

Corollary 10.3. Let f : (R",0) — P(V) = RP?"*! be a germ of Legendre immersion and
Tan(f) : (R®*,0) — P(V) the tangent map-germ of f. Suppose that Reg(Tan(f)) is dense in
(R™,0). Then Tan(f) is frontal.

We conclude the paper by posing open generic classification problems, which remain to be
solved first:
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Problem 1: Classify the singularities of tangent varieties to generic contact-integral curves in
P(V?2n+2) = RP?"*! for a symplectic vector space V of dimension 2n+2, under diffeomorphisms
and contactomorphisms.

Problem 2: Classify the singularities of tangent varieties to generic surfaces in RP°. It would
be natural to relate singularities of tangent variety to the method of height function or hight
family (cf. [39][31]).

Problem 3: Classify the singularities of tangent varieties to generic frontal surfaces (projections
of generic C; 3-integral surfaces in F; 3(RS)) in RPS.

Problem 4: Classify the singularities of tangent varieties to projections in RP® of generic C 3 5-
integral surfaces in Fj 3 5(RY).

Problem 5: Classify the singularities of tangent varieties to Legendre surfaces in RP® along
parabolic ordinary points. Moreover classify the singularities of tangent varieties of generic
Legendre surfaces in RP5. (See §9.)
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