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ON A SINGULAR VARIETY ASSOCIATED TO A POLYNOMIAL MAPPING

NGUYEN THI BICH THUY, ANNA VALETTE, AND GUILLAUME VALETTE

ABSTRACT. In the paper, “Geometry of polynomial mapping at infinity via intersection ho-
mology”, the second and third authors associated to a given polynomial mapping F : C2 — C2
with nonvanishing Jacobian a variety whose homology or intersection homology describes the

geometry of singularities at infinity of the mapping. We generalize that result.

1. INTRODUCTION

In 1939, O. H. Keller [9] stated the famous Jacobian conjecture: any polynomial mapping
F : C" — C™ with nowhere vanishing Jacobian is a polynomial automorphism. The problem
remains open today even for dimension 2. We call the smallest set Sp such that the mapping
F: X\F~!(Sr) — Y\ SF is proper, the asymptotic set of F. The Jacobian conjecture reduces to
show that the asymptotic set of a complex polynomial mapping with nonzero constant Jacobian
is empty. So the set of points at which a polynomial mapping fails to be proper plays an
important role.

The second and third authors gave in [14] a new approach to study the Jacobian conjecture
in the case of dimension 2: they constructed a real pseudomanifold denoted Np C RY, where
v > 2n, associated to a given polynomial mapping F : C™ — C", such that the singular part of
the variety N is contained in (Sp x Ko(F')) X {Ogv-2n } where Ko(F') is the set of critical values
of F. In the case of dimension 2, the homology or intersection homology of Ny describes the
geometry of the singularities at infinity of the mapping F'.

Our aim is to improve this result in the general case of dimension n > 2 and compute the
intersection homology of the associated pseudomanifold Np. Let F; be the leading forms of the
components F; of the polynomial mapping F' = (F},...,F,) : C* — C". We show (Theorem
4.5) that if the polynomial mapping F' : C* — C™ has nowhere vanishing Jacobian and if
rank(DF'i)i:LMn > n — 2, then the condition of properness of F' is equivalent to the condition
of vanishing homology or intersection homology of Ngp. Moreover, it is indeed more precise
to compute intersection homology rather than homology. In order to compute the intersection
homology of the variety Nr, we show that it admits a stratification which is locally topologically
trivial along the strata. The main feature of intersection homology is to satisfy Poincaré duality
that is more interesting in the case where the stratification has no stratum of odd real dimension.
We show that the variety Np admits a Whitney stratification with only even dimensional strata.

It is well known that Whitney stratification are locally topologically trivial along the strata.
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2. PRELIMINARIES AND BASIC DEFINITION

In this section we set-up our framework. All the considered sets in this article are semi-

algebraic.

2.1. Notations and conventions. Given a topological space X, singular simplices of X will
be semi-algebraic continuous mappings o : T; — X, where T} is the standard i-simplex in R¥*1!.
Given a subset X of R™ we denote by C;(X) the group of i-dimensional singular chains (linear
combinations of singular simplices with coefficients in R); if ¢ is an element of C;(X), we denote
by |e| its support. By Reg(X) and Sing(X) we denote respectively the regular and singular
locus of the set X. Given X C R", X will stand for the topological closure of X. Given a point
x € R" and a > 0, we write B(z, @) for the ball of radius « centered at  and S(z,«) for the

corresponding sphere, boundary of B(x, ).

2.2. Intersection homology. We briefly recall the definition of intersection homology; for
details, we refer to the fundamental work of M. Goresky and R. MacPherson [3] (see also [2]).

Definition 2.1. Let X be a m-dimensional semi-algebraic set. A semi-algebraic stratifica-

tion of X is the data of a finite semi-algebraic filtration
(2.2) X=X, 20X, 1D --DXgoDX_ 1=

such that for every 4, the set S; = X; \ X;_; is either empty or a topological manifold of

dimension 7. A connected component of S; is called a stratum of X.

Definition 2.3 ([16]). One says that the Whitney (b) condition is realized for a stratification
if for each pair of strata (S,S5’) and for any y € S one has: Let {z,} be a sequence of points in
S’ with limit y and let {y,} be a sequence of points in S tending to y, assume that the sequence
of tangent spaces {7, S’} admits a limit T for n tending to +oo (in a suitable Grassmanian
manifold) and that the sequence of directions z,y, admits a limit A for n tending to +oco (in
the corresponding projective manifold), then A € T'.

We denote by cL the open cone on the space L, the cone on the empty set being a point.
Observe that if L is a stratified set then cL is stratified by the cones over the strata of L and a
0O-dimensional stratum (the vertex of the cone).
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Definition 2.4. A stratification of X is said to be locally topologically trivial if for every
z € X;\ Xi—1, ¢ > 0, there is an open neighborhood U, of = in X, a stratified set L and a

semi-algebraic homeomorphism

h:U, — (0;1)" x cL,

such that h maps the strata of U, (induced stratification) onto the strata of (0;1)¢ x cL (product
stratification).

We will use the following definition of a semi-algebraic pseudomanifold :

Definition 2.5. A (semi-algebraic) pseudomanifold in R™ is a subset X C R" whose
singular locus is of codimension at least 2 in X and whose regular locus is dense in X.
A stratified pseudomanifold (of dimension m) is the data of an m-dimensional pseudo-

manifold X together with a semi-algebraic filtration:
X=Xn20Xm12D2Xmoa2D--DX9oDX_1=0,
which constitutes a locally topologically trivial stratification of X.

Definition 2.6. A stratified pseudomanifold with boundary is a semi-algebraic couple
(X,0X) together with a semi-algebraic filtration

X=XpnDXn 1D2Xpn 2D - DXoDX_ 1=0,

such that:

(1) X\ 0X is an m-dimensional stratified pseudomanifold (with the filtration X; \ 0X),

(2) 0X is a stratified pseudomanifold (with the filtration X} := X;1 N 9X),

(3) 90X has a stratified collared neighborhood: there exist a neighborhood U of 90X in
X and a semi-algebraic homeomorphism ¢ : 0X x [0,1] — U such that

$(X!_, x [0,1]) = U N X; and $(dX x {0}) = 9X.

Definition 2.7. A perversity is an (m — 1)-uple of integers p = (p2,ps,.-.,Pm) such that
p2 =0 and pry1 € {pk,pr + 1}

Traditionally we denote the zero perversity by 0 = (0,...,0), the maximal perversity by
t =(0,1,...,m — 2), and the middle perversities by m = (0,0,1,1,..., [mT*Z]) (lower middle)
and m = (0,1,1,2,2,...,[’”7’1]) (upper middle). We say that the perversities p and g are
complementary if p+q = t.

Given a stratified pseudomanifold X, we say that a semi-algebraic subset Y C X is (p,1)-
allowable if dim(Y N X,,,_x) <i—k + py for all & > 2.

In particular, a subset Y C X is (¢,14)-allowable if dim(Y N Sing(X)) <i — 1.

Define ICP(X) to be the R-vector subspace of C;(X) consisting of those chains ¢ such that
€] is (P, 1)-allowable and |0¢| is (P, ¢ — 1)-allowable.

Definition 2.8. The i'" intersection homology group with perversity 7, denoted by
THP(X), is the i*" homology group of the chain complex IC?(X).
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Goresky and MacPherson proved that these groups are independent of the choice of the
stratification and are finitely generated [3, 4].

Theorem 2.9 (Goresky, MacPherson [3]). For any orientable compact stratified semi-algebraic

m-dimensional pseudomanifold X, generalized Poincaré duality holds:

(2.9) THL(X) = THT,_,(X),
where p and G are complementary perversities.

In the non-compact case the above isomorphism holds for Borel-Moore homology:
(2.9) TH}(X) =~ IH?n—k,BM(X)7

where IH, ppr denotes the intersection homology with respect to Borel-Moore chains [4, 2]. A
relative version is also true in the case where X has boundary.

Proposition 2.10 (Topological invariance, [3, 4]). Let X be a locally compact stratified pseudo-
manifold and P a perversity, then the intersection homology groups ITHF (X) and IHfBM (X) do
not depend on the stratification of X.

2.3. L cohomology. Let M C R" be a smooth submanifold.

Definition 2.11. We say that a differential form w on M is £ if there exists a constant K
such that for any z € M:

lw(a)| < K.

We denote by /(M) the cochain complex constituted by all the j-forms w such that w and dw
are both £>°. The cohomology groups of this cochain complex are called the £>*°-cohomology
groups of M and will be denoted by H* (M).

The third author showed that the £ cohomology of the differential forms defined on the
regular part of a pseudomanifold X coincides with the intersection cohomology of X in the

maximal perversity ([15], Theorem 1.2.2):

Theorem 2.12. Let X be a compact subanalytic pseudomanifold (possibly with boundary). Then,
for any j:

HI (Reg(X)) ~ IH!(X).

Furthermore, the isomorphism s induced by the natural mapping provided by integration on

allowable simplices.
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2.4. The Jelonek set. Let F': C* — C" be a polynomial mapping. We denote by S the set
of points at which the mapping F' is not proper, i.e.,

Sr = {y € C" such that I{xz,} C C", |zg| — o0, F(xk) = y},

and call it the asymptotic variety or Jelonek set of F'. The geometry of this set was studied
by Jelonek in a series of papers [6, 7, 8]. Jelonek obtained a nice description of this set and gave
an upper bound for its degree. For the details and applications of these results we refer to the

works of Jelonek. In our paper, we will need the following powerful theorems.

Theorem 2.13 ([6]). If F' : C™ — C™ is a generically finite polynomial mapping, then S is
either an (n — 1) pure dimensional C-uniruled algebraic variety or the empty set.

Theorem 2.14 ([6]). If F: X =Y is a dominant polynomial map of smooth affine varieties

of the same dimension then S is either empty or is a hypersurface.

Here, by a C-uniruled variety X we mean that through any point of X passes a rational
complex curve included in X. In other words, X is C-uniruled if for all x € X there exists a
non-constant polynomial mapping ¢, : C — X such that ¢, (0) = .

In the real case, the Jelonek set is an R-uniruled semi-algebraic set but, if nonempty, its

dimension can be any integer between 1 and (n — 1) [8].

3. THE VARIETY Np

The variety Nr was constructed by the second and third authors in [14]. Let us recall briefly
this construction.

3.1. Construction of the variety Nr ([14]). We will consider polynomial mappings F : C* —
C" as real ones F : R?" — R?". By Sing(F) we mean the singular locus of F' that is the zero
set of its Jacobian determinant and we denote by Ko(F') the set of critical values of F, i.e., the
set F(Sing(F)).

We denote by p the Euclidean Riemannian metric in R?”. We can pull it back in a natural
way:

Fpy(u,v) = p(d F(u), d F(v)).

Define the Riemannian manifold Mp := (R?" \ Sing(F); F*p) and observe that the mapping F'
induces a local isometry near any point of Mp.

Lemma 3.1 ([14]). There ezists a finite covering of Mg by open semi-algebraic subsets such

that on every element of this covering, the mapping F induces a diffeomorphism onto its image.

Proposition 3.2 ([14]). Let F': C* — C" be a polynomial mapping. There exists a real semi-
algebraic pseudomanifold Np C RY, for some v = 2n + p, where p > 0 such that

Sing(Nr) C (Sp U Ko(F)) x {Og» },
and there exists a semi-algebraic bi-Lipschitz mapping

hg : Mg —)NF\(SFUK()(F)) X {ORP}
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where Np \ (Sp U Ko(F)) x {Ore } is equipped with the Riemannian metric induced by R”.

The variety Np is constructed as follows: let F': C™ — C" be a polynomial mapping. Thanks
to Lemma 3.1, there exists a covering {Uy,...,Up} of Mp = R?" \ Sing(F) by open semi-
algebraic subsets (in R?") such that on every element of this covering, the mapping F induces a
diffeomorphism onto its image. We may find some semi-algebraic closed subsets V; C U; (in M)
which cover My as well. Thanks to Mostowski’s Separation Lemma (see Separation Lemma in
[10], page 246), for each i, i = 1,...,p, there exists a Nash function v; : Mp — R, such that v,
is positive on V; and negative on Mg \ U;. We define

hp = (Fyi1,...,¢p) and Np := hp(Mp).

In order to prove hp is bi-Lipschitz, we do as follows: choose x € Mp, then there exists U;
such that = € U; and the mapping Fy, : U; — R?" is a diffeomorphism onto its image. Define,
for y € F(U;), the following functions:

(3.3) bily) = i o (Fi,) " (v),

fori=1,...,p, and

We then have the formula

(3.5) hp(x) = (F(x),1(F(2)),...,%p(F(x)) = $(F(x)).

As the map F : (U;, F*p) — F(U;) is bi-Lipschitz, it is enough to show that ¢ : F(U;) — R2"+P
is bi-Lipschitz. This amounts to prove that 1/;1- has bounded derivatives for any ¢ = 1,...,p. In

order to prove this, we chose the functions 1; sufficiently small, by using Lojasiewicz inequality

in the following form:

Proposition 3.6. [1] Let A C R™ be a closed semi-algebraic set and f : A — R a continuous
semi-algebraic function. There exist ¢ € R, ¢ > 0 and q¢ € N such that for any x € A we have

[f(@)] < (1 + [2f*).

In fact, we can choose the Nash functions v; sufficiently small by multiplying v; by a huge
power of ﬁ which is a Nash function (see Proposition 2.3 in [14]).

Thanks to Lojasiewicz inequality, we also can choose the functions ; such that they tend to
zero at infinity and near Sing(F'). This is the reason why the singular part of Np is contained
in (SpUKy(F)) x {Oge }.

Moreover, the following diagram is commutative:

(3.7) Mp s Np

N

RQn
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where 7 is the canonical projection on the first 2n coordinates, and hp is bijective onto its
image Np \ ((SF U K()(F)) X {ORp}).

Remark that the set Vg is not unique, it depends on the covering of My that we choose and
on the choice of the Nash function ;.

We see that in the complex case, even in the case C?, the real dimension of the variety Ng is
greater than 3, so it is difficult to draw the variety Np in this case. The natural question arises
if the variety N exists in the real case. The answer is yes, but we note that in this case, the
variety Np is not necessarily a pseudomanifold, because in the real case, the real dimension of

the Jelonek set of a polynomial mapping F': R™ — R™ can be n — 1.

Proposition 3.8 ([14], [11]). Let F': R™ — R™ be a polynomial mapping. There exist

a) a real semi-algebraic variety Np C R”, for some v = n + p where p > 0, such that
Sing(Ng) C (Sp U Ko(F)) X {Oge} CR™ x R?,
b) a semi-algebraic bi-Lipschitz mapping
hp: Mp — Np\ (SpUKy(F)) X {Orr}
where Ng \ (Sp U Ko(F)) X {Oge } is equipped with the Riemannian metric induced by R”.
In order to understand better the variety N, we give here an example in the real case.
3.2. Example.

Example 3.9. [11] Let F': ]R%z s ]R%a 5) be the polynomial mapping defined by

F(z,y) = (z,z%y(y + 2)).

Let us construct the variety Np in this case. By an easy computation, we find:
Sing(F) = {(z,y) € R?x,y) cx=0o0ry=—1},
Ko(F) = {(0,8) € B2, )£ 6 = —a?),
Sp={(0,8) € R%awg) : 8> 0}.

We see that R? is divided into four open subsets U; by Sing(F) (see the Figure la). The
mapping F' is a diffeomorphism on each U;, for i = 1,...,4. Observe that U; is closed in Mp
so that we can chose V; = U; for i = 1,...,4 (see section 3.1). There exist Nash functions
¥; : Mp — R such that each ; is positive on U; and negative on U; if j # ¢. Since Np is the
closure of hp(Mp) where hp = (F,4¢n,...,%4), then Np has 4 parts (Ng),,...,(Ng), where
(Np), is the closure of hp(U;) for i =1,...,4.

Again, an easy computation shows:
F(Uh) = F(Uz) = {(a, B) €RY, ) - >0, 8> —a?},

F(Us) = F(Us) = {(c, ) €RY, gy - v < 0, 8> —a®}.

Each (Np), is F(U;) embedded in R, gy x R* but (Np), does not lie in the plane R, g
anymore, it is “lifted” in Ra,p) X R*. However, the part contained in Ky(F) x SF still remains
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in the plane R, gy since the functions ¢; tend to zero at infinity and near Sing(F) (see the
Figure 1b).

Now we want to know how the parts (Np), are glued together. Using diagram (3.7), for any
point a = (a, 3) € R? \ Ko(F) the cardinal of 75" (a) \ ((Ko(F) U Sr) x {0gs}) is equal to the
cardinal of F~!(a) since hp is bijective. Consider now the equation

F(z,y) = (z,2%y* + 22%y) = (o, B)
where 8 # —a?. We have
(3.10) a?y? + 2%y — =0.

As the reduced discriminant is A’ = o* + o8 = a?(a? + ), then

1) if B < —a?, the equation (3.10) does not have any solution,

2) if B > —a?, the equation (3.10) has two solutions.

Then (Ng), and (Ng), are glued together along (Ko(F)USF) x {Ogs}. Similarly, (Ng), and
(NF), are glued together along (Ko(F)U Sp) x {Oga} (see the Figure 1c).

¥ A ﬁ
SF
SingF Y !'._\\-_LJ
- (] z ‘?x_,_a;
1 o]\ %‘A
1
U, - T
U s -
R! i
la 1b lc

FIGURE 1. The variety Np.

3.3. Homology and intersection homology of Np.

Lemma 3.11 ([14]). Let F : C?> — C? be a polynomial mapping. There exists a natural strati-
fication of the variety Ng, by even (real) dimension strata, which is locally topologically trivial

along the strata.
In fact, the stratification of the variety Ng is showed in [14] to be
Nr D (SFpUKy(F)) x {Ore } D (Sing(Sr U Ko(F)) U B) x {Ore} D 0,

where B = SF‘FA(SF).
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Theorem 3.12 ([14]). Let F : C2 — C? be a polynomial mapping with nowhere vanishing
Jacobian. The following conditions are equivalent:

(1) F is non proper,

(2) Hy(Nr) #0,

(3) IHY(NF) # 0 for any perversity p,

(4) IHg(NF) # 0 for some perversity p.

We notice that, for a given polynomial map F : C2 — C2, the fact that the homology group
Hs(Np) vanishes or not only depends on the behavior of F' at infinity.

4. RESULTS

The following theorem generalizes Lemma 3.11 and shows existence of suitable stratifications

of the set S in the case of a polynomial mapping F : C* — C™.

Theorem 4.1. Let F : C* — C" be a generically finite polynomial mapping with nowhere

vanishing Jacobian. There exists a filtration of Np:
Np=Vop, DVap1 D Vop2D---DViD VDV 1 =0

such that :
1) for any i < n, Vajp1 = Vay,
2) the corresponding stratification satisfies the Whitney (b) condition.

Proof. We have the following elements

+ Thanks to Sard Theorem, we have dimc Sing(Sr) < n — 2, i.e., dimg Sing(Sr) < 2n — 4.

+ Let My, _o = F~1(Sr)N Mp. The mapping F restricted to Ma, _o is dominant. Thanks to
Jelonek’s Theorem (Theorem 2.14), we have dim¢ SF‘MZ%2 =n—2 (since dim¢ Ma,—o = n—1).
Thus, we obtain dim¢ SF|M271_2 =2n—4.

+ Thanks to Whitney’s Theorem (Theorem 19.2, Lemma 19.3, [16]), the set B, _o of points
x € Sp at which the Whitney (b) condition fails is contained in a complex algebraic variety of
complex dimension smaller than n — 1, so dimg Bs,,_s < 2n — 4.
We will define a filtration (W) of R?" by algebraic varieties and compatible with Sg:

(W): WQ,LZRQHDWQn_1DWgn_QZSFD-"DWQkJ,_lDWQkD"'leDWQD[Z)

by decreasing induction on k. Assume that W5, has been constructed. If dimg W, < 2k then
we put

Wak—1 = Wap—o = Wa
otherwise we denote Moy = F~1(War) N Mp and W5, = Way \ (Sing(Way) U SF‘M%). We put

(42) Wor—1 = Wap_o = Slng(ng) U SF‘M% U A2k7
where Agj is the smallest algebraic set which contains the set:

if ith h > 2k th
BQk:{xEWQ’k:IxGWhWI > en }

the Whitney (b) condition fails at « for the pair (W3, W})
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Now, consider the filtration (V) of Np
(V) : Np=Voy DVon 1D Vap 2D+ D Vo1 DVor, D--- D Vi DV D0

where V; = ng(Wi) and 7 is the canonical projection from Nz to R?", on the first 2n coordi-

nates (see diagram (3.7)).

Let S5, = Wa; \ Wa;—2. We claim that F|p-1(s; ) is proper. This is obvious if S;; is empty.
If S, is not empty, suppose that there exists a sequence {x;} in F~1(S%,) such that F(x;) goes
to a point a in S},. We have to show that the sequence {z;} does not go to infinity. Since
S, = Wa; \ Wa;_o, where Wa;_o = Sing(Wa;) USF ., UA2;, we have a ¢ SFy,, - I 1 tends
to infinity then a € SF|F71(s§i)’ which is a contradiction.

Let X be a connected component of 7' (Z), where Z C Wo;\ Wa;_5. We have X C Va;\ Va;_s.
We claim that either X C Z x {Oge} or X N (Sp X {Ors}) = 0. Assume that there exist 2’ € X
but ' ¢ Z x {Oge} and 2” € X N (Sp X {Ogr}). Then we have z” = (z,0rs), where x € Sp.
There exists a curve y(t) = (71(t),72(t)) € X where v1(t) € R™ and v,(t) € RP, such that
v(0) = 2’ and (1) = z”. Let us call u = 7(tp) the first point at which v meets Sg X {Oge }.
Thus, we have y2(t) # 0 whenever ¢ < to and hp'(y(t)) is in My, for t < t;. Moreover,
F(hp' (v(t))) = mr(y(t)) tends to mp(u) and hy'(y(t)) tends to infinity as ¢ tends to to. Hence,
Tr(u) € Spia,, C Wai—a, 50 u is in Va; o, contradicting u € X C Vo, \ Va;_a.

Let us show that Sg; := Va;\ Va;_2 is a smooth manifold, for all i. Because F|F71(S§i) is proper,
the restriction of 7 to 7' (S%;) \ (Sk x {Ogr}) = hp(F~1(Sh,)) is proper. Consequently, 75 is
a covering map on So;. This implies that So; is a smooth manifold.

Observe that in the case where X N (Sp x {Ogr}) is nonempty then it is included in Wa;_o x
{Og»}, if dim X = 2i, since every point of X N (Sp x {Orr}) is a point of Sgjnr,, € Wai—a. As
7F is a covering map on Ng \ (S x {Ogs}), this implies that Sy, x {Ogs} is open in 75" (S;).

Let us prove that the filtration (V) defines a Whitney stratification: at first, we prove that

the stratification (W) is a Whitney stratification. If the stratum S5, = Wa; \ Wa;_5 is not empty,
then by (4.2), we have

Sh; = Wai \ Wai_o C Wa; \ Ag; C Wa; \ Ba;.
This shows that the stratification (W) satisfies Whitney conditions.
We denote
Yy = {X": X" is a connected component of Wo; \ Wa; 2,0 < i < n},

¥y :={X : X is a connected component of Va; \ Va;_2,0 <1i < n}.
We now prove that if X € ¥y then np(X) € Xyy. If X C Sp x {Og,} then 7p , is the identity
and thus X belongs to Xyy. Otherwise, X C Ng \ (S X {Ogr}. Assume that X C V; \ Va;_o.
This implies that X N W}l(ng_2) = (). This amounts to say that 7r(X) N Wo;_o = 0. Thus
mr(X) C Wy \ Wa;_o. Therefore, to show that 7p(X) € Xy, we have to check that mp(X)
is open and closed in Wy; \ Wa;_o. As 7p is a local diffeomorphism at any point = of X, the

set mp(X) is a manifold of dimension 2i, which is open in S5;. Let us show that it is closed in
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SY;. Take a sequence y,, C mp(X) such that y,, tends to y ¢ 7p(X). Let z,, € X be such
that 7p(2m) = ym. Since wp is proper, x,, does not tend to infinity. Taking a subsequence if
necessary, we can assume that z,, is convergent. Denote its limit by z. As mp(z) =y ¢ 7p(X),
then the point = cannot be in X and thus belongs to Va;_ since X is closed in Va; \ Va;_2. This
implies that y = 7mp(x) € Wa;_q, as required.

Let us consider a pair of strata (X,Y) of the stratification (V) such that X NY # () and let
us prove that (X,Y") satisfies the Whitney (b) condition. That is clear if X, Y C Sp x {Oge }. If
none of them is included in Sp X {Oge}, then, as 7w is a local diffeomorphism and Whiney (b)
condition is a C! invariant, this is also clear. Therefore, we can assume that X N(Sg x {Og»}) = 0
and Y C Sp x {Oge } (if X C Sp x {Og»}, then Y meets Sr x {Ogs} at the points of X and then
Y C (Sr x {Ogre})). Set for simplicity Y := Y’ x {Oo» }.

As Y is open in 7' (Y”), there exists a subanalytic open subset U’ of Ny such that

Unan'(Y)=Y' x {Ors}.
Let U” := hx'(U' N Np \ (SF x {Ogs})). We have
U// ) F—l(y/) — @

(see diagram (3.7)). Consequently, the function distance d(F(z);Y’) nowhere vanishes on U”.
As U" is a closed subset of R2", by Lojasiewicz inequality, multiplying the ¥;’s by a huge power

of we can assume that on U”, for every i

(4.3) Yi(2m) << d(F(zm);Y")

for any sequence z,, tending to infinity.

Now, in order to check that Whitney (b) condition holds, we take z,, € X and y,, € Y tending
toy € Y N X. Assume that [ = lim7,,9,, and 7 = lim T}, X exist, we have to check that [ is
included in 7.

For every m, x,, belongs to hp(U;) for some j. Extracting a subsequence if necessary, we

may assume that it lies in the same hp(U;). On Uj, 7p is invertible and its inverse is

&(y) = (yﬂ/;l(y)a e ,d;p(y)),

(see section 3.1, see also Proposition 2.3 in [14]).

where 1/31 (y) =1; 0 F|7.

1
- J

Let p, = (zh,;¢(x),)) and ym = (y,,0re), where x}, = 7p(y) and y,, = 7F(Ym), then
T — ym = (x, — ! b(z])). We claim that

(4.4) (@) << |2 = Y.

If 2, = F~Y(a},) then F(z,,) = x,, so that by (4.3), we have

w@(l'/m) << d($/m§yl) < |$/m - y/m|’

showing (4.4).
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On one hand, the sets 7p(X) and 7 (Y") belong to Xy, they satisfy the Whitney (b) condition.

As a matter of fact
x/ _ y/
lim F:" - y:”| =I'C7 =lmT, mp(X)
m m

/7
. . xr — .
(extracting a sequence if necessary, we may assume |I7”7‘Z7"| is convergent). We have
™

m

|Zm — Yml |Zm — Yml

On the other hand, observe that

dompt = (Id, dpth1, . . ., Outhy).

= (I',0) = 1.

Multypling 1 by a huge power of ﬁ, we can assume that the first order partial derivatives of
¥ at 2/, tend to zero as m goes to infinity. Then T, X tends to 7 = lim T}, 7p(X) x {Ops} =
7' x {Opr}. But since ' e 7/, 1 = (I',0) € 7 = 7" x {Orr }. O

We now generalize Theorem 3.12. Firstly we notice that a polynomial map F; : C* — C can

be written
F; =%, F;;

where Fj; is the homogeneous part of degree d; in Fj. Let dj the highest degree in Fj, the
leading form Fz of F; is defined as

F; == Fiy.

Theorem 4.5. Let F': C" — C™ be a polynomial mapping with nowhere vanishing Jacobian. If
rankc (DF})

equivalent:

i=1,..n > N —2, where F} is the leading form of Fy, then the following conditions are
(1) F is non proper,

(2) Hz(Np) # 0,

(3) IHY(Ng) # 0 for any (or some) perversity p,

(4) IHgn—ZBM(NF) # 0, for any (or some) perversity D.

Before proving this theorem, we give here some necessary definitions and lemmas.

Definition 4.6. A semi-algebraic family of sets (parametrized by R) is a semi-algebraic set
A C R™ x R, the last variable being considered as parameter.

Remark 4.7. A semi-algebraic set A C R™ x R will be considered as a family parametrized by
t € R. We write A;, for “the fiber of A at t”, i.e.,

Ap = {x e R": (z,t) € A}.

Lemma 4.8 ([14]). Let § be a j-cycle and let A C R™ x R be a compact semi-algebraic family
of sets with |8| C Ay for any t. Assume that |B| bounds a (j + 1)-chain in each Ay, t > 0 small

enough. Then B bounds a chain in Agp.
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Definition 4.9 ([14]). Given a subset X C R", we define the “tangent cone at infinity”,

called “contour apparent a I’infini” in [11] by:

Coo(X) := {A €S"71(0,1) such that 3y : (t,to + ] — X semi-algebraic,
t
lim (t) = oo, lim () = A}

t—to Ti=to | (t)]
Lemma 4.10 ([11]). Let F = (Fy,...,F,) : R™ = R"™ be a polynomial mapping and V the zero
locus of F := (Fl, .. .,F‘n), where F} is the leading form of F; fori=1,...,n. If X is a subset
of R"™ such that F(X) is bounded, then Cuoo(X) is a subset of S*~1(0,1) NV,

Proof. By definition, Cs(X) is included in S"71(0,1). We prove now that Cuo(X) is included
in V. In fact, given A € Co(X), then there exists a semi-algebraic curve v : (to,to +¢] = X

such that tlir? ~(t) = oo and hm g(g‘ = X. Then ~(t) can be written as v(t) = At™ + ... and
—to

F = Fi()\)tmd"' 4 ... where d; is the homogeneous degree of F,. Since F(X) is bounded, then Fj;
cannot tend to infinity when ¢ tends to g, hence 13’1()\) =0foralli=1,...,n. O

Let us prove now Theorem 4.5. We use the idea and technique of the second and third authors
n [14].

Proof of the Theorem 4.5. (4) < (3) : By Goresky-MacPherson Poincaré duality Theorem, we
have

IHg(NF) = IHgn—Q,BM(NF)’
where g is the complementary perversity of p. Since I Hg (Np) # 0 for all perversities P, then
THY (Ng) # 0, for all perversities g.

(3) = (1),(3) = (2) : If F is proper then the sets Sp and Ky(F') are empty. So Sing(Np) is
empty and Ny is homeomorphic to R?". It implies that Ho(Ng) = 0 and IH?(NF) =0.

(1) = (2), (1) = (3) : Assume that F' is not proper. That means that there exists a complex
Puiseux arc 7y : D(0,7) — R?", v = uz® + ..., (with « negative integer and u is an unit vector
of R?") tending to infinity in such a way that () converges to a generic point xg € Sp. Let
J be an oriented triangle in R?" whose barycenter is the origin. Then, as the mapping hr o vy
(where hp = (F,¢n,...,1,)) extends continuously at 0, it provides a singular 2-simplex in Ng
that we will denote by c.

Since codimgSF = 2, then

0 = dimg{zo} = dimg((SF x {Ore}) N|c|) <2 -2+ pa,
because py = 0 for any perversity p. So the simplex c is (0, 2)-allowable for any perversity p.
The support of dc lies in Np \ Sp x {Ogs }. By definition of Nx, we have N\ Sp x {Og» } =~ R?™.
Since H;(R?") = 0, the chain dc bounds a singular chain e € C?(Np \ Sp x {Ogs}). Sooc =c—e
is a (p, 2)-allowable cycle of Np.

We claim that ¢ may not bound a 3-chain in Np. Assume otherwise, i.e., assume that there
is a chain 7 € C3(Np), satisfying 07 = o. Let

A:=hg'(lo| N (Np \ (Sr x {O0rr}))),
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B = hz' (7| N (Np \ (Sp x {0g}))).

By definition, Cs (A) and Co, (B) are subsets of S>*~1(0,1). Observe that, in a neighborhood
of infinity, A coincides with the support of the Puiseux arc 7. The set Co(A) is equal to St.a
(denoting the orbit of a € C™ under the action of S' on C™, (e, 2) + €™z). Let V be the zero
locus of the leading forms F := (F},...,F,). Since F(A) and F(B) are bounded, by Lemma
4.10, Coo(A) and Co (B) are subsets of V N S?"~1(0,1).

For R large enough, the sphere S>"~1(0, R) with center 0 and radius R in R?" is transverse
to A and B (at regular points). Let

or:=S*"""10,R)N A, TR :==S*""1(0,R) N B.

After a triangulation, the intersection op is a chain bounding the chain 75.

Consider a semi-algebraic strong deformation retraction p : W x [0;1] — Sl.a, where W is a
neighborhood of St.a in §2"~1(0, 1) onto S!.a.

Considering R as a parameter, we have the following semi-algebraic families of chains:

1) og := %%, for R large enough, then o' is contained in W,

2) o'r = p1(cr), where p1(x) := p(z, 1), zeW,

3) Or = p(dr), we have 00 = 0 — oR,

4) ¢'r = Tr + O, we have 00 = o;.

As, near infinity, oz coincides with the intersection of the support of the arc v with S2*~1(0, R),
for R large enough the class of o, in S'.a is nonzero.

Let r = 1/R, consider r as a parameter, and let {d,}, {o,}, {0,} as well as {6/} the corre-
sponding semi-algebraic families of chains.

Denote by E, C R?™ x R the closure of |6,|, and set Ey := (R?>" x {0}) N E. Since the strong
deformation retraction p is the identity on Co(A4) x [0,1], we see that

Eo C p(Coo(A) x [0,1]) = St.a c VNS0, 1).

Denote E!. C R?" x R the closure of |¢/.|, and set E} := (R?" x {0}) N E’. Since A bounds B,
50 C(A) is contained in C(B). We have

Bl C EyUCL(B) c VNS> 1(0,1).

The class of o/, in S'.a is, up to a product with a nonzero constant, equal to the generator of
S'.a. Therefore, since o’. bounds the chain 6., the cycle S!.a must bound a chain in |¢.| as well.
By Lemma 4.8, this implies that S'.a bounds a chain in E{ which is included in V NS?"~1(0, 1).

The set V is a projective variety which is an union of cones in R?™. Since

=

ranke(DF) Loon > N—2,

it follows that corank(c(Dﬁl)i:LMn =dim¢cV <1, s0dimg V < 2 and dimg VNS?"71(0,1) < 1.
The cycle S'.a thus bounds a chain in Ej, C V NS?"71(0,1), which is a finite union of circles. A
contradiction. O

We have the following corollary
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Corollary 4.11. Let F = (Fy,...,F,) : C* — C" be a polynomial mapping with nowhere
vanishing Jacobian and such that rankC(DFi)i:L_”’n > n — 2, where F; is the leading form of
F;. The following conditions are equivalent:

(1) F is nonproper,

(2) H(Reg(N§)) # 0,

(3) HY *(Reg(NF)) # 0,
where NE := Nr N B(0, R), which R is large enough.

The proof is similar to the one in [14].
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