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GENERICITY OF CAUSTICS ON A CORNER

TAKAHARU TSUKADA

Dedicated to Professor Masahiko Suzuki on his sixtieth birthday

ABSTRACT. We introduce the notions of caustic-equivalence and weak caustic-equivalence re-
lations of reticular Lagrangian maps in order to give a generic classification of “shapes” of
caustics on a corner. We give the figures of all generic caustics on a corner in a smooth
manifold of dimension 2 and 3 under these equivalence relations.

1. INTRODUCTION

Lagrangian singularities can be found in many problems of differential geometry, calculus
of variations and mathematical physics. One of the most successful applications is the study
of singularities of caustics. For example, the particles incident along geodesics from a smooth
hypersurface V"~! in a Riemannian manifold M™ to conormal directions define a Lagrangian
submanifold at a point in the cotangent bundle. The caustic generated by the hypersurface

(2.1,

G
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FI1GURE 1. Example of caustics on a corner

is regarded as the caustic of the Lagrangian map defined by the restriction of the cotangent
bundle projection to the Lagrangian submanifold. In [5] we investigated the theory of reticular
Lagrangian maps, which is a generalized notion of Lagrangian maps and can be described as
stable caustics generated by a hypersurface germ with a boundary(r = 1), a corner(r = 2), or an
r-corner in a smooth manifold. In [6] we gave classification lists of generic caustics in the case
r = 0,1 respectively. In the case r = 2, that is the initial hypersurface has a corner, the method
used in [6] does not work well by the modality of generating families since the transversality
theorem can not work in this case.

In the case r = 2 we consider the following situation: Let V be a 2-dimensional hypersurface
germ in a 3-dimensional manifold M. We suppose that V is the light source with a corner and
there exist local coordinates (1, 22, x3) such that V = {(z1,22,0) € (R3,0)|z1 > 0,22 > 0}. We
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FIGURE 2. Example of caustics on a boundary

consider that the light rays are incident from each of V, Vi =V n{z; =0}, Vo =V n{as =0},
and V7, = VN {x; = 2 = 0} to the conormal directions, where Is = {1,2}. We denote them by
LY, LY, LY, L], respectively. Then they are reduced to the following normal forms by a suitable
symplectic diffeomorphism on (T*R3,0):

Lg = {((Lp) € (T*R370)|QJ = pIz\O‘ =4q3 = 07q12\a > 0}7

for o = 0,1,2, 5. Then all LY are transposed around a point in T*M by a symplectic diffeo-
morphism S on T*M along geodesics. By taking a Lagrangian equivalence around this point,
we may assume that S is given by S : (T*R3,0) — (T*R3,0). Let

L = {(q,p) € T"R*|q1p1 = q2p2 = g3 = 0,1 > 0,2 > 0}

be a representative as a germ of the union of all LY.
We define i = S|p. Let m: (T*R3,0) — (R3,0) be the canonical Lagrangian projection. We
consider the following map

(L,0) —= (T*R3,0) = (R3,0).
We define the caustic of 7 o to be the union of the caustics C, of the Lagrangian maps 7 oi|ro

for all o C Iy and the quasi-caustic Qy» = woi(LY N LY) for all 0,7 C I.(0 # 7).
In the case r = 2, the caustic of T o7 is

CoUC1UCUCH 23 UQp1UQp2UQy 12y UQ2 12}

Then the quasi-caustic @), expresses the intersection of light rays incident from V, and V.

Our purpose is the investigation of generic caustics under perturbations of S. All functions
and maps are smooth, unless stated otherwise.

We here give a review of the theory of reticular Lagrangian maps which is developed in [5].

Reticular Lagrangian maps: Let I, = {1,...,r},
L={(¢,p) eT"R"| ap1 = = @Pr = @r41 ="+ = ¢ = 0,91, = 0}
be a representative of the union of

Lg = {(CLP) € (T*ano)‘%f =Pr\oe =4r+1 = """ =(4n = anlr\cr > 0}
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for all o C I.. We write g, = 0 for the condition ¢; = 0 for all ¢ € o and write g, > 0 for
the condition ¢; > 0 for all i € o and write other notations analogously. The set L is the
normalization of the particles incident from the o-edge V, := V N {g, = 0} of the light source
hypersurface V = {(q1,...,q) € (R™,0)|qa > 0,...,¢- > 0,g, = 0} with an r-corner for some
local coordinate system ¢ of M to conormal directions. Let m : (T*R™,0) — (R™,0) be the
canonical Lagrangian projection.

A map germ woi: (L,0) — (T*R",0) — (R",0) is called a reticular Lagrangian map if there
exists a symplectic diffeomorphism germ S on (T*R™,0) such that i = S|p.

We note that the particles incident from all V,,’s to the conormal directions are mapped along
geodesics. This map is extended to the reticular Lagrangian immersion ¢ which is the generalized
notion of Lagrangian immersion.

Equivalence relation: We call a symplectic diffeomorphism germ ¢ on (T*R™,0) a reticular
diffeomorphism if (L%) = LY for o C I,. We say that reticular Lagrangian maps

moiy,moig: (L,0) = (T*R",0) — (R",0)

are Lagrangian equivalent if there exist a reticular diffeomorphism ¢ and a Lagrangian equivalence
O (a symplectic diffeomorphism which preserves the fiber of ) such that the following diagram

is commutative:
s

(L,0) % (T"R™,0) = (R™,0)
ot el g1
(L,0) -2 (T*R",0) = (R",0),
where ¢ is the diffeomorphism of the base space of 7 induced by O.

It may be thought that a reticular diffeomorphism does not have to be a symplectic diffeo-
morphism. But a reticular diffeomorphism consists of compositions of two symplectic diffeomor-
phisms and a Lagrangian equivalence, it follows that a reticular diffeomorphism is automatically
a symplectic diffeomorphism. We also remark that if two reticular Lagrangian maps 7 o ¢; and
moiy are Lagrangian equivalent, then the Lagrangian maps mo1,| ro and oz | o are Lagrangian
equivalent for each o C I,..

Let U,V be open sets in R™, R™2 respectively. We denote by C>°(U, V') the set which consists
of smooth maps from U to V. We define

Ny(l,e, K)={ g€ C=(U,V) | |Dg— fle| <eVz € K,|a| <}

for each f € C*>°(U,V),l € N,e > 0 and compact set K in U. Then the family of sets N¢(l,¢, K)
forms a basis for the C*°-topology on C*°(U, V).

Let U be an open set in T*R"™, and S(U,T*R"™) be the set which consists of symplectic
embeddings from U to T*R"™. We equip S(U, T*R™) the induced topology from C°°-topology
of C*°(U, T*R™). We define S(T*R™,0) to be the set of symplectic diffeomorphism germs on
(T*R™,0).

We say that a reticular Lagrangian map m o : (L,0) — (T*R"™,0) — (R™,0) is stable if the
following holds: For any extension S € S(T*R™,0) of i and any representative S € S(U, T*R") of
S, there exists a neighborhood Ng of S such that for any T € N 5 the reticular Lagrangian maps
7o (T|y, at xy) and 7 o i are Lagrangian equivalent for some zo = (0,--- ,0, P, P e,
where the map (T'|y, at x) is given by z(€ L) — T'(x + z¢) — T(20).

Generating family: Let H" = {(z1,...,2,) € R"|z1 > 0,...,2, > 0} be an r-corner. We
denote by E£(r; k) the set of all germs at 0 in H" x R* of smooth maps H" x R¥ — R and set
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M(r; k) ={f € E(r; k)| f(0) = 0}. We write E(k) for £(0; k) and M(k) for W(0; k). Then E(r; k)
is an R-algebra in the usual way and 9(r; k) is its unique maximal ideal.

We denote by J'(r + k,p) the set of I-jets at 0 of germs in £(r;k,p). There are natural
projections:

12 E(mk,p) — JHr+kp)ml TN (r 4 kp) — TR (r + k,p) (> 12).
We write 5! f(0) for m,(f) for each f € E(r;k,p).
A function germ F(x,y,q) € M(r; k +n)? is called S-non-degenerate if

oF OF OF oF

X1, ,X —_ e e — — ... —_
) ) Ty 8‘%1’ 7axr7ay1’ ’ayk

are independent on (H* x R¥*™ 0), that is

0’°F  9°F
rank %xzél)%/ %ng_? =r+k.

dydy Oyodq ]

We say that an S-non-degenerate function germ F(x,y,q) € M(r;k + n)? is a generating
family of a reticular Lagrangian map 7 o i if F|,_—o is a generating family of the Lagrangian
map 7 oi|ro, that is

oF  OF
a-TI,\\U ay

, oF —
i(Lg) = {(g, g @y 0) € (TR, 0)[z = = 0,27\, > 0}

for o C I,.

Generating families of reticular Lagrangian maps with caustics of Figure 1,2 are given as
follows:
Figure 1(left): (x17x27q1u @) = af - T1 + a3 + N + qaw2,
Figure 1(right): F(x1,%2,q1,q2,q3) = 23 — 21202 — T3 + 171 + @272 + q323,
Figure 2(left): F(x,q1,q2) = 2> + 122 + o,
Figure 2(right): F(z,q1,q2,q3) = 2* + 12° + 2% + q 2.
We showed that the Lagrangian maps of figure 2 are stable in [5].

We calculate the caustic of the first example: The canonical relation
Py = {(w,i(2)) € (L x TR, (0,0))}

of i is given by the generating family H(Q1,Qa, q1,42) = Q2 — Q1Q2 + Q3 + Q1q1 + Qags such
that

0OH 0OH OH OH
Pi = ) ) ) ’ s 42,
{(Q1,Q2,— 90, 90, M By an)}

= {Q13Q27 _2Q1 + Q2 - Q17Q1 - 2Q2 - Q2»(J17Q27Q1>Q2)}-
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Therefore we have that

OF OF OF OF

(L) =Ly = {(q1,q, o0 87(12) € (T*R?,0) T 0}
= {(-2x1 + 22,21 — 222,21, 22) },
) =10 = {la. 50001 = g =0} = {(an,~202,0.22))
L9 =La = {la. 50 = 5o =0} = {(~201.42,20,0)
(o) = Loy = {0 5len =22 =0} = {(a1,42,0.0))

Therefore Cp = C1 = Cy = Cy1 9y = 0.
Qo1 = {(w2,~222) € (R?,0) |2 2 0}, Qo3 = {(~2w1,21) |1 > 0},

Ql,{l,Q} = {(QLO)})QZ{LQ} = {(OvQ2)}'
Stability of unfoldings: We recall the theory of unfolding which is developed in [5, p.583

Section 4]. Let (z,y) = (z1,.-,%r,Y1,---,Yk) be a fixed coordinate system of (H” x R¥, 0). We
denote by B(r; k) the group of diffeomorphism germs on (H" x R¥,0) of the form:

®(z,y) = (2101 (2,9), - .-, 201 (2,7), 63(2,9), . .., $5(,7)).

We also denote by B, (r; k+n) the group of diffeomorphism germs on (H” x R¥+"_0) of the form:

(z,y,q) = (2161 (2,9, Q) - . ., 2,07 (2,9, 0), 03(2, Y, Q)5 - - - , D5 (2,9, ),
B(q), ..., o%(q)).

We write ®(z,y, q) = (xd1(z,y,q), d2(x,y,q), d3(q)), x% = (xl%, ceey xr%) and write other

notations analogously.

We say that f,g € E(r;k) are reticular R-equivalent if there exists ¢ € B(r; k) such that
g=1/fo¢.

We say that F,G € E(r;k + n) are reticular P-R* -equivalent if there exist ® € B, (r;k + n)
and a € M(n) such that G(z,y,q) = F o ®(z,y,q) + a(q) for (x,y,q) € (H" x RE*" 0). We say
that F' € E(r; k1 +n) and G € E(r; ke + n) are stably reticular P-R*-equivalent if F' and G are
reticular P-R*-equivalent after the addition of nondegenerate quadratic forms of y.

We say that a function germ f € M (r; k) is R-simple if the following holds: For a sufficiently
large integer [, there exists a neighborhood N of j'f(0) in J!(r + k, 1) such that N intersects
with a finite number of R-orbits. By [1] we have that:

Theorem 1.1. (see also [2, p.279]) An R-simple function germ in M(1; k)? is stably R-equivalent
to one of the following function germs:

Bf 42! (1>2), CFf:xy+y' (1>3), Fi:+a?+y°

Let U be an open set in R™. We equip C°(U,R") with the C*°-topology. Let f € IMM(r; k)
and F € 9M(r; k+n) be an unfolding of f. We say that F is reticular P-R ¥ -stable if the following
condition holds: For any neighborhood U of 0 in R"t¥*" and any representative F € C*>(U,R) of
F, there exists a neighborhood Nz of F such that, for any element Ge Ng, the germ G
at (0,90, qo) is reticular P-RT-equivalent to F' for some (0,0, qo) € U.

H" x Rk+n
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We say that F is reticular P-R* -infinitesimal versal if

af of oF
E(rik) = (==, = )e(r 1, —l|4=0)r-
(’l" ) <x61‘ 8y>5( ik) + < aq |q 0>]R
In [5] we define other stabilities of unfoldings: versatility, infinitesimal stability, homotopical
stability.

As a consequence of Damon’s theory of good action, we have the following theorem:

Theorem 1.2. (see [5, Theorem 4.5]) Let F' € M(r;k +n) be an unfolding of f € M(r; k).
Then the following are all equivalent.
(1) F is reticular P-R* -stable.
(2) F is reticular P-R*-versal.
(3) F is reticular P-RY -infinitesimally versal.
(4) F is reticular P-R* -infinitesimally stable.
(5) F is reticular P-R*-homotopically stable.
The relation between reticular Lagrangian maps and their generating families are
given in the following theorems:

Theorem 1.3. (see [5, Theorem 3.2]) (1) For any reticular Lagrangian map w o i, there exists
a function germ F € M (r;k +n)? which is a generating family of 7o .

(2) For any S-non-degenerate function germ F € 9M(r; k+n)?, there exists a reticular Lagrangian
map of which F is a generating family.

(3) Two reticular Lagrangian maps are Lagrangian equivalent if and only if their generating
families are stably reticular P-R T -equivalent.

We remark that Nguyen Huu Duc, Nguyen Tien Dai and F. Pham proved the same theorem
in the complex analytic category (cf., [3]). But their method does not work well for the C'°-
category because Fy = (1 — ¢)F + tF"” on p.14 may be degenerate at some point in [0,1]. We
solved this problem in [5, p.577-582]. Our method is available for all of C*°, real analytic, and
complex analytic categories.

Theorem 1.4. (see [5, Theorem 5.5] or [6, Theorem 3.1]) Let woi : (L,0) — (T*R™,0) — (R™,0)
be a reticular Lagrangian map with the generating family F(x,y,q) € M(r;k +n)?. Then woi

is stable if and only if F is a reticular P-R7T-stable unfolding of F|4=o.

We investigated the genericity of caustics on an r-corner and gave the generic classification
for the cases r = 0 and 1 in [6]. We also showed that the method in [6] does not work well for the
case r = 2 by the modality of generating families. In this paper we introduce two equivalence
relations of reticular Lagrangian maps which are weaker than Lagrangian equivalence in order
to give a generic classification of caustics on a corner.

2. CAUSTIC- AND WEAK CAUSTIC-EQUIVALENCES

We introduce equivalence relations on reticular Lagrangian maps and their generating fam-
ilies.
Let 7 oi; be reticular Lagrangian maps for j = 1,2. We say that they are caustic-equivalent
if there exists a diffeomorphism germ g on (R™,0) such that

(1) g(CH =02 g(QL)=Q%, foralo,rCI, (0#T).

o, T o, T
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When all C? and QGT
reticular Lagrangian maps 7 o041 and 7 o iy are weakly caustic-equivalent if all C¢ and Qf,’T are
smooth and there exists a homeomorphism germ g on (R™,0) such that g is smooth on all C},

.+ and satisfies (1).

are smooth, we may define weak caustic-equivalence. We say that

We shall define the stabilities of reticular Lagrangian maps under the above equivalence re-
lations and define the corresponding equivalence relations and stabilities of their generating
families.

The purpose of this paper is to show the following theorem:
Theorem 2.1. Let n = 2,3, U a neighborhood of 0 in T*R™, S(T*R™,0) be the set of symplectic
diffeomorphism germs on (T*R™,0), and S(U, T*R™) be the space of symplectic embeddings from
U to T*R™ with the C™-topology. Then there exists a residual set O C S(U, T*R™) such that
for any S € O and z € U, the reticular Lagrangian map 7o S, |]L is weakly caustic-stable or
caustic-stable, where S, € S(T*R™,0) is defined by the map xo — S(z¢ + z) — S(x).

A reticular Lagrangian map 7o S, |1, for any S € O and x € U is weakly caustic-equivalent to
one which has a weak reticular P-C-stable generating family BjE ol BjE 2 B;Ez , or is caustic

equivalent to one which has a reticular P-C-stable generating famlly BQiQO, Bzizig, B;E?,i, B3 2 ,
Cys'

B;'f’;’lz F(x1,70,q1,q2) = 22 £ 1129 + %z% + q1x1 + q212,

B§é+’2: F(x1,22,q1,q2) = 23 £ 2172 + 2% + 171 + @272,

B;{: F(z1,22,q1,q2) = 23 £ 2179 — 2% + 171 + @272,

Bzi,’zoi F(x1,22,q1,92,43) = 7 £ 23 + 11 + @222 + g32122,

Bétéjéi F(z1,22,q1,92,93) = ($1 +39)2 £ x% + q171 + goxo + qsxg,

B;f’gil F(x1,22,q1,92,q3) = 561 A :CQ + q121 + gax2 + Q3$2,

Bgf’zil F(x1,22,q1,92,q3) = $1 + $1$2 + 23 + 111 + qowa + 373,

Cgféi: F(y,z1,22,q1,q2,q3) = £y* + 11y £ 22y + 23 + 1y + @271 + q372.

In order to describe the caustic-equivalence of reticular Lagrangian maps by their generat-
ing families, we introduce the following equivalence relation of function germs. We say that
function germs f, g € £(r; k) are reticular C-equivalent if there exist ¢ € B(r; k) and a non-zero
number ¢ € R such that ¢ = a - f o ¢. We construct the theory of unfoldings with respect
to the corresponding equivalence relation. Then the relation of unfoldings is given as follows:
Two function germs F(x,y,q), G(z,y,q) € E(r; k + n) are reticular P-C-equivalent if there exist
® € B,(r;k+n) and a unit a € £(n) and b € M(n) such that G =a - F o & + b. We define the
stable reticular (P-)C-equivalence in the usual way. We remark that a reticular P-C-equivalence
class includes the reticular P-R1T-equivalence classes.

We review the results of the theory of function germs under this equivalence relation. Let
F(z,y,q) € M(r; k+ n) be an unfolding of f(x,y) € M(r; k).

We say that F' is reticular P-C-stable if the following condition holds: For any neighborhood
U of 0 in R™**" and any representative F € C*>(U,R) of F, there exists a neighborhood Nz
of F in the C™-topology such that for any element G € N the germ Glurxri+n at (0,70, qo) is
reticular P-C-equivalent to F' for some (0,yo,q0) € U.
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We say that F' is reticular P-C-versal if all unfoldings of f are reticular P-C- f-induced from
F. That is, for any unfolding G € M(r; k + n') of f, there exist a map germ
@ : (H" x RFt™ 0) — (H" x RF",0)
and a unit a € £(n’) and b € M(n') satislying the following conditions:
(1) ®(z,y,0) = (z,9,0) for all (z,y) € (H" x R¥,0) and a(0) = 1, b(0) =0,
(2) @ can be written in the form: ®(z,y,q) = (z¢1(2, v, q), d2(z, v, q), #3(q)),
(3) G(x,y,9) = a(q) - F o ®(x,y,q) + b(g) for all (z,y,q) € (H" x RET™,0).

We say that F' is reticular P-C-infinitesimally versal if

of of
) E(rik) = (w50 Tetrm + (1 £, G lamoli
We say that F' is reticular P-C-infinitesimally stable if
OF OF OF

g(’l‘;k + ’I’L) = <$%, aiy>5(r;k+n) + <17F7 87q>5(n)

We say that F' is reticular P-C-homotopically stable if for any smooth path-germ
(R,0) = E(r;k+n),t — F;
with Fy = F, there exists a smooth path-germ
(R,0) = Bu(r;k+mn) x E(n) x E(n),t — (P, at, by)

with (®g, ag,bo) = (id, 1,0) such that each (@, as, b;) is a reticular P-C-isomorphism from F' to
Fy, that is F; = a; - F o ®; + b; for t around 0.

The following theorem is used to prove that the stabilities of reticular Lagrangian maps and
their generating families are equivalent.

Theorem 2.2. (cf., [5, Theorem 4.5]) Let F' € M(r;k + n) be an unfolding of f € M(r; k).
Then the following are all equivalent.

) F' is reticular P-C-stable.

) F' is reticular P-C-versal.

) F is reticular P-C-infinitesimally versal.

) F is reticular P-C-infinitesimally stable.

) F is reticular P-C-homotopically stable.

(1
(2
(3
(4
(5

For a non-quasihomogeneous function germ f(z,y) € M(r; k), if 1, f, a1,..., a, € E(r;k) is
a representative of a basis of the vector space

of of
Ers k) /(x5 ' Dy So)E(rik)
then the function germ f 4+ a1q1 + -+ + angn € M(r; k + n) is a reticular P-C-stable unfolding
of f by (2). We call n the reticular C-codimension of f. We remark that the dimension of the
vector space is (n + 2), but the reticular C-codimension is n.

If f is quasihomogeneous then f is included in (x af; , ay) £(r;k)- This means that the reticular
C-codimension of a quasihomogeneous function germ is equal to its reticular R*-codimension.
Therefore if 1, a4, ..., a, € £(r; k) is a representative of a basis of the vector space, the function
germ f 4+ ajqr + -+ + angn € M(r; k 4+ n) is a reticular P-C-stable unfolding of f. In this case
the dimension of the vector space is (n + 1), but the reticular C-codimension is n.
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We define the simplicity of function germs under the reticular C-equivalence in the usual way
(cf., the definition before Theorem 1.1).

Theorem 2.3. (cf., Theorem 1.1) A reticular C-simple function germ in IM(1; k)? is stably
reticular C-equivalent to one of the following function germs:

By :al (1>2), Cf:ay+ey 71=1,1>3), Fi:z2+9°

The relation between reticular Lagrangian maps and their generating families under the
caustic-equivalence are given as follows:

Proposition 2.4. Let woi; be reticular Lagrangian maps with generating families F; for j = 1,2.
If F1 and Fy are stably reticular P-C-equivalent then wo iy and wo iy are caustic-equivalent.

Proof. The function germ F5 may be written as Fy(z,y, q) = a(q)F3(x,y, q), where a is a unit
and F| and F3 are stably reticular P-RT-equivalent. Then the reticular Lagrangian map 7 o i3
given by F3 and 7 o i; are Lagrangian equivalent and the caustic of 7 o i3 and 7 o i3 coincide
with each other. ]

This proposition shows that it is enough to classify function germs under stable reticular
P-C-equivalence in order to classify reticular Lagrangian maps under caustic-equivalence. We
give here the following classification list:

Theorem 2.5. (see [5, p.592]) Let f € M(2;k)? have reticular C-codimension < 3. Then f is
stably reticular C-equivalent to one in the following list.

k  Normal form codim  Conditions Notation

0 2?2+ x179 + axd 3 O<a<i B3yt
2?2 + 2129 + azl 3 a>1 B;;};Q
z? £+ 2129 + az} 3 a<0 By,
x? £ a3 3 B;éé
(71 £ 29)% £ 23 3 Bzﬂt”i3
23+ o + a3 3 B;fé
23+ xywo + 23 3 B;’Qi

1 P +mytay+a3 3 Cgt,f

We remark that the stable reticular C-equivalence class BZ :’; of 2% + x1 29 + x5 consists of the

union of the stable reticular R-equivalence classes of 2?2 + z122 + ax3 and —2% — 2129 — ax3 for
a > 0. Since xlaa—gl, xgaa—x];, f are linear independent, this means that the C-equivalence class of
f is simple. The same things hold for B;E”;S, Biéi, B;’f, C’if.

We also remark that the classification list looks like that of D.Siersma [4, p.126]. But our
equivalence relation differs from his.

3. CAUSTIC-STABILITY

We define the caustic-stability of reticular Lagrangian maps and reduce our investigation to
finite-dimensional jet spaces of symplectic diffeomorphism germs.

We say that a reticular Lagrangian map m o1 is caustic-stable if the following condition holds:
For any extension S € S(T*R™,0) of i and any representative S € S(U, T*R") of S, there exists
a neighborhood Ng of S such that for any S’ € N 5 the reticular Lagrangian map 7 o S| at zo
and 7 o4 are caustic-equivalent for some zy = (0,. .., O,p(T)_H, Pl eU.

Definition 3.1. Let m ot be a reticular Lagrangian map and ! be a non-negative number. We
say that 7w o i is caustic [-determined if the following condition holds: For any extension S of
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i, the reticular Lagrangian map 7 o S’|;, and 7 o i are caustic-equivalent for any symplectic
diffeomorphism germ S’ on (T*R™,0) satisfying j'S(0) = j'S'(0).

Lemma 3.2. Let moi : (L,0) — (T*R",0) — (R™,0) be a reticular Lagrangian map. If a
generating family of woi is reticular P-C-stable then wo i is caustic (n + 2)-determined.

Proof. This is proved in a manner analogous to that of [6, Theorem 5.3]. We give a sketch of
the proof. Let S be an extension of i. Then we may assume that there exists a function germ
H(Q, p) such that the canonical relation Pg has the form:

P = Q.- 55 (@05 (@)p) € (TR < T'RN,0.0)

Then the function germ F'(z,y,q) = Ho(z,y) + (y, ¢) is a reticular P-C-stable generating family
of moi, and Hy is reticular R-(n + 3)-determined, where Hy(x,y) = H(z,0,y). Let a symplectic
diffeomorphism germ S’ on (T*R",0) satisfying j7*2S5(0) = j"T25’(0) be given. Then there
exists a function germ H'(Q,p) such that the canonical relation Pss has the same form for H’
and the function germ G(z,vy,q) = H{(z,y) + (y,q) is a generating family of m o S’|p.. Then
it holds that j"*3Hy(0) = j7"3H{(0). There exists a function germ G’ such that G and G’
are reticular P-R-equivalent and F' and G’ are reticular P-C-infinitesimal versal unfoldings of
Hy(z,y). It follows that F' and G are reticular P-C-equivalent by Theorem 1.2. Therefore 7 o4
and 7o S’|p, are caustic-equivalent. [ ]

Let S'(n) be the Lie group which consists of I-jets of symplectic diffeomorphisms on (7"R, 0).

Orbits of the caustic-equivalence classes B;E”Qﬁ:q), B;E,éjE Bgf’f, C;f: Let [Sx]. be the
caustic-equivalence class of Sx € S(T*R?,0) for each X = B;f& B;’gi B;’f, Cgiéi in Theorem
2.5 such that 7 o Sx|r, has a generating family which is a reticular P-C-stable unfolding of X.
Since the above singularities are reticular C-simple, this means that [j'Sx (0)].(:= 7'[Sx(0)].)
are immersed manifolds in S*(3) for [ > 2.

4. WEAK CAUSTIC-EQUIVALENCE

There exist modalities in the classification list of Theorem 2.5. This means that caustic-
equivalence is still too strong for a generic classification of caustics on a corner. In order to
obtain a generic classification, we need to admit weak caustic-equivalence and the corresponding
equivalence relation on generating families.

We say that a reticular Lagrangian map 7o+ is weakly caustic-stable if the following condition
holds: For any extension S € S(T*R"™,0) of ¢ and any representative Se S(U, T*R™) of S, there
exists a neighborhood Ng of S such that for any S’ € Ng the reticular Lagrangian map o S|
at zo and 7 o7 are weakly caustic-equivalent for some z¢ = (0, ... ,O,pQH, ol eU.

We say that two function germs in 9(r; k + n)? are weakly reticular P-C-equivalent if they
are generating families of weakly caustic-equivalent reticular Lagrangian maps. We say that two
function germs in M (r; k)? are weakly reticular C-equivalent if they have unfoldings which are
weakly reticular P-C-equivalent. We define the stable weakly reticular (P-)C-equivalence in the
usual way.

We say that a function germ F(x,y,q) € M(r;k + n) is weakly reticular P-C-stable if the
following condition holds: For any neighborhood U of 0 in R™"*" and any representative
F € C*(U,R) of F, there exists a neighborhood Nz of F' in the C*°-topology such that for any
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element G € N & the germ G
some (0,0, q0) € U.

mrxri+n at (0,%0,¢0) is weakly reticular P-C-equivalent to F for

. . . +,4,1 +,4,2 +,— . . oy
Orbits of weak caustic-equivalence classes B;',", By3 ", B3} ,: We investigate here

the weak reticular C-equivalence classes B; ’2:2 of function germs. The same methods are valid

1 2 - : 2
for the classes Bi’;a’ , B;&Ta’ , B;éya. So we discuss only the classes B;é—z .

We consider the reticular Lagrangian maps 7 o i, : (L,0) — (T*R2,0) — (R%,0) with the

generating families F,, (11,22, q1,q2) = 3+ 2122 +ax3+q121 + 222 (a > %) We give the caustics
of moi, and 7 o4y for i < a < b. In these figures Q1 1,,@2 1,,Qp 2 are in the same positions.

Oa.1, Oa.1,

Qo2 O1.1, Qo2 O1.1,

Qo.1 Qo

FIGURE 3. the caustics of mo i, FIGURE 4. the caustics of 7 o 4,

Suppose that there exists a diffeomorphism germ g on (R?,0) such that Qi p,, Qo, I, Qp 2 are
invariant under g. Then g can not map (Jy; from one to the other. This implies that caustic-
equivalence is too strong for generic classifications. But these caustics are equivalent under weak
caustic-equivalence. The homeomorphism germ ®% on (R?,0) is given as follows: We consider
the unit circle U with center 0 and let U,, U be the intersection of U and the caustics of 7 o1,
7 o iy, respectively. Then there exists a diffeomorphism ¢® on U such that ¢°(U,) = U, and ¢
depends smoothly on a,b. We extend naturally the source space of ¢% to R? — {0} and define

P! (2) = { ¢Zéx) jfg

Then the map germ ®° at 0 gives a weak caustic-equivalence of 7 o i, and 7 o4,. We remark
that ®% is smooth and depends smoothly on a, b except at the origin. This means that the weak
caustic-equivalence ®. is naturally extended for weak caustic equivalence from the (caustic)
stable reticular Lagrangian map with the generating families

Fl(x1,22,q1,q2,q3) = T7 + 7172 + ax3 + @171 + @272 + q373

to F'(x1,22,q1,4G2,93) = ac% + 120 + x% + q1x1 + gox2. The figure of the corresponding caustic
is given in Figure 8. We also remark that the functions x? + 129 + x% 4+ q1x1 + g2 and
23 + w122 + t23 + q1@1 + 22 are not weakly reticular P-C-equivalent because Qg 1 and Qp; of
their caustics are in the opposite positions to each other.

Then we have that the function germs f,(z) = 2} 4+ 2122 +az3(a > 1) are all weakly reticular
C-equivalent to each other.
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We define the weak reticular C-equivalence class [f,]w of fo by U, 1 [fa]e- We also define the
weak reticular C-equivalence class [5'f,(0)]w of j'f.(0) by Ua>% 3 ([ fale)-

Since 1 gi L, T2 g_ﬂ; ., x3 are linear independent and span the tangent space of the weak reticular

C-equivalence class [f,]w, we have that [f,], is an immersed manifold in J3(2,1).

We classify function germs in 90(2; k)? with respect to the reticular C-equivalence and weak
reticular C-equivalence with the codimension< 3. Then we have the following list:

k  Normal form codim Notation
0 2?La120+ La3 2 Byt
22+ 2139 + 23 2 Bi’;Q
23+ 10 — 3 2 Bzi”Q
72 & 23 3 B;'QO
(1 £ 29)% £ 23 3 szf’z:’%
x%:txlxg:l:xg 3 Bfé
1 £y +mytay+a3 3 35"

We need to show the following proposition:

Proposition 4.1. Let woi, : (L,0) — (T*R?,0) — (R?,0) be the reticular Lagrangian map with
the generating family x3 + 1179 + ax3 + 171 + Q222 (B;’;’Q). Let S, € S(T*R?,0) be extensions
of iq. Then the weak caustic-equivalence class

[jlsl(o)]w = U [jlsa(o)]c
a>%
is an immersed manifold in S'(2) for 1 > 1.

Proof. Let f(x1,22) = 2% + 129 + ax3. The tangent space of [j'f(0)], is spanned by
jl(xl%)(O),jl(mz%)(O),jl(wg)(()) and these are linearly independent for { > 2. This means
that [5'f(0)], is an immersed manifold of J!(2,1) for [ > 2. This means that [j'S1(0)], is an
immersed manifold of S*(2) for [ > 1. |

We consider the (caustic) stable reticular Lagrangian map
moig : (L,0) = (T*R30) — (R3,0)
with the generating family
2} + 122 + az3 + Q171 + G272 + q373
and take an extension S/, € S(T*R2,0) of i,, then we have by the analogous method that:
Corollary 4.2. Let S/ be as above. Then the weak caustic-equivalence class
[1'51 0w = |J [1'Sa(0)].
a>7
is an immersed manifold in S'(3) for 1 > 1.

Theorem 4.3. The function germ F(z1,22,q1,q2) = x% + 2122 + x% + 11 + gax2 is a weakly
reticular P-C-stable unfolding of f(x1,x2) = 23 + 2122 + 23

Proof. We define F' € 9(2;3)? by F'(x1,22,q1,q2,q3) = F(x1,22,¢1,42) + g3x3 Then F’
is a reticular P-R*-stable unfolding of f. It follows that for any neighborhood U’ of 0 in
R® and any representative F/ € C°(U,R), there exists a neighborhood Np, such that for
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any G/ € N ;& the function germ G’ lmzxrs at pf is reticular P-RT-equivalent to F’ for some
o =(0,0,47,49,¢3) € U". i

Let a neighborhood U of 0 in R* and a representative F© € C>°(U,R) be given. We set
the open interval I = (—0.5,0.5) and set U’ = U x I. Then there exists Nz for which the

above condition holds. We can choose a neighborhood N of F such that for any G € N 7
the function G + gsz3 € Nz, Let a function G € Ny be given. Then the function germ
G' = (G + q373) w2 xps at pf is reticular P-RT-equivalent to F’ for some

po = (0,0,47, 45, 43) € U".
We define G € M(2;2)? by Gluzxr2 at po = (0,0,¢2,¢9) € U. Then it holds that

G'(z,q9) = G(z,q1,92) + (g3 + ¢3)3,

and G'|,—0 = G(z,0) + ¢J23 is reticular R-equivalent to f. Let (®,a) be the reticular P-R*-
equivalence from G’ to F'. We write ®(x, q) = (z¢1(z, q), $3(q), #3(q), 3(q)). By shrinking U if
necessary, we may assume that the map germ

((I1aCI2) — (Qﬁ((haCI270),¢§(Q1aQ270)) on (R2,0)

is a diffeomorphism germ. Then F is reticular P-R*-equivalent to Gy € 9(2;2)? given by
Gi(z,q) = G(x1,22,q1,92) + (#3(q1, g2, 0) + ¢3)x3. It follows that the reticular Lagrangian maps
defined by F' and GGy are Lagrangian equivalent. We have that

7(G + d323)(0) = 7°G1(0), ¢5 > —0.5.

This means that the caustic of Gy is weakly caustic-equivalent to the caustic of G because the
reticular Lagrangian maps of G; and F are the same weak caustic-equivalence class that is
1-determined under weak caustic-equivalence. This means that F' and G are weakly reticular
P-C-equivalent. Therefore F' is weakly reticular P-C-stable. |

By the above consideration, we have that: For each singularity B;’;“l, B;f’2+’2, B;’{, if we

take the symplectic diffeomorphism germ S, (S’) as the above method, then the weak caustic-

equivalence class [5'S,(0)].(['5%(0)].) is one class and immersed manifold in S*(2)(S%(3)) for
I > 1 respectively. Since the caustics of m o S,|r, and 7 o S/ |1, are determined by their linear
parts, this means that the reticular Lagrangian maps are weakly caustic 1-determined.

We now start to prove the main theorem: We choose the weakly caustic-stable reticular
Lagrangian maps woix : (L,0) — (T*R"™,0) — (R",0) for

(3) X =By By Bay -
We also choose the caustic-stable reticular Lagrangian maps woix : (L, 0) — (T*R3,0) — (R3,0)
for
=+, . +,+ +,+ ~%£,E
(4) X = Bz,2oa Bi2§,B2,3 ,33,2 vCB,Q .

Then other reticular Lagrangian maps are not caustic-stable since other singularities have retic-
ular C-codimension > 3. We choose extensions Sx € S(T*R", 0) of ix for all X. We define

01 ={S € S(U,T*R") |
j&S is transversal to [j1Sx (0)],, for all X in (3)},
Oy ={S € S(U,T*R") |
§at28 is transversal to [j"2Sx(0)]. for all X in (4)},
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where 55S(z) = 5'5,(0). Then O} and O} are residual sets. We set
Y = {j"25(0) € S"2(n) | the codimension of ["725(0)];, > 8}.
Then Y is an algebraic set in S"*2(n) by [6, Theorem 6.6 (a’)]. Therefore we can define
0" = {S € S(U,T*R") | j5285 is transversal to Y'}.

For any S € S(T*R",0) with j**25(0) € Y and any generating family F of 7 o S|i,, the
function germ F|,—o has reticular R*-codimension > 4. This means that F|,—o has reticular
C-codimension > 3. It follows that j7*2S5(0) does not belong to the above equivalence classes.
Then Y has codimension > 6 because all elements in Y are adjacent to one of the list (4) which
are caustic-simple. Then we have that

0" ={5 ¢ S(U,T*R") | j5T2S(U)NnY = }.

We define O = 01 NO5NO". Since all moix for X in (3) are weak caustic 1-determined, and
all moix in (4) are caustic 5-determined by Lemma 3.2. Then O has the required condition. H

B35 in 2D
+,+1 pt+.2 —+,1 p—+.2 +,— p—i—
FIGURE 5. By5 ", By, FIGURE 6. B, 5 ", By FIGURE 7. By) , By
B3’y in 3D
ST ST T
/ /
/ /

- 7 X
]

Ficure 8. Byy"' By3y™?  Ficure 9. Byt Byy™? FIGURE 10. B3y By
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FIGURE 13. Bj3%

FIGURE 15. B; 3% FICURE 16. By},
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FIGURE 23. C55" FIGURE 24. C5y
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